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1. Introduction

In general terms, duality consists of two descriptions of a physical system
through different degrees of freedom. There are different kinds of dualities
and they have been extremely useful to uncover the underlying dynamics of
strong coupling gauge theories in various dimensions and those of the

diverse string theories [ 1 ].

In some cases this relation involves the inversion of the coupling constant in
such a way that non-perturbative phenomena of the original degrees of
freedom can be mapped to a perturbative theory of the dual degrees of
freedom. This duality is termed S -duality and it will be the subject of the
present article in the context of gravitational theories. Here we will not
intend to give an exhaustive, complete and detailed overview on this
subject, which is out of our scope. Thus for a general review, see for instance

[ 2, 3 ]and references therein.

The paradigmatic example satisfying the property of duality is the Maxwell
theory with magnetic charges and magnetic currents. At the present time a
lot has been understood about duality in gauge theories. The most relevant
examples are the N = 4 supersymmetric gauge theories in four dimensions,
where the Montonen-Olive duality [ 4 ] was proved [ 5 ], and the Seiberg-
Witten duality for N = 2 theories (see for instance, [ 6 ]). Further, a duality
that relates a gravitational theory (or a string theory) and a conformal gauge
theory, as in the case of gauge/gravity correspondence, has also been
studied with quite detail [ 7_]. However, much of the general work on duality

has been done using the Feynman functional integral and it has not been
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considered as a well established mathematical result. This has motivated
many mathematicians and mathematical physicists to work on rigorous

proofs to support these results.

The case of duality between two gravitational theories is the so called
gravitational duality . At the present time this duality has not been
exhaustively understood and it is a conjectured symmetry existing in some
gravity theories or in the gravitational sector of some higher-dimensional
supergravity or superstring theories; some advances have been reported in
the literature [ 2, 3 ]. In fact, the reach of this analysis is not comparable
with those obtained in supersymmetric Yang-Mills theories or superstring
theories. In these latter theories the power of strong/weak duality and T-
duality in superstring theories has allowed to compute many non-trivial

observables carrying much information on the system [ 8 ].

Very recently new advances in duality have been done in the context of
condensed matter systems, see for instance [ 9 ]. There is a conjecture
asserting that a fermionic system coupled to a Chern-Simons field is dual to
a Chern-Simons gauged Wilson-Fisher bosonic theory. This conjecture has
been proved for the case of negative mass deformation of the fermionic

theory [ 9 ].

In Dijkgraaf et al. [ 10 ] the so called topological M-theory has been
proposed. This is a gravity theory of three-forms on a seven-dimensional
manifold of G 2 -holonomy, which has been regarded as a master system
from which it is possible to obtain, by dimensional reduction, the different

form theories of gravity in lower dimensions, six, four and three. Among the
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known theories of gravity are: In six dimensions, on a Calabi-Yau manifold,
there are two theories of gravity describing the moduli of complex structures
and the Kahler cone, i. e., the so called Kodaira-Spencer gravity [ 11 ], and
the Kahler gravity [ 12 ] respectively. Further, in four dimensions there is
Plebanski gravity [ 13 ] and in three dimensions Chern-Simons gravity [ 14 -

16 1.

The action principle for topological M-theory is Hitchin's functional defined as
the integration of the volume form in seven dimensions, constructed with the
G 2 -holonomy invariant forms or calibrations [ 17 ]. Volume functionals in six
dimensions also have been constructed by Hitchin [ 18 ]. These actions
reflect the possibility of constructing volumes in terms of the Kahler
structure or the complex structure of the underlying six-manifold. In
Dijkgraaf et al. [ 10 ] it was showed that these six-dimensional Hitchin's
functionals are related to the topological string theories of A and B types.
Also topological M-theory has been proposed as a master system to derive
all the form gravity theories in dimensions lower or equal to seven [ 10 ].
This theory has motivated recent work in exploring some new relations
between Hitchin's functionals in seven and six-dimensions and form gravity

1]

theories in four and three dimensions [ 19 -

In the present paper we give first a general overview of the case of non-
abelian dualities in various gravity theories developed by the authors in
Garcia-Compean et al. [ 22 - 27 ]. These works were done motivated from
Ganor and Sonnenschein [ 28 ], Mohammedi [ 29 ], Lozano [ 30 ], and

Kehagias [ 31 ], which were based on the Rocek and Verlinde duality given in

Rocek and Verlinde [ 32 ], and in the Buscher duality algorithm [ 33, 34 ].
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A version of linearized gravitational duality was proposed in Nieto [ 35 ]
based on our results mentioned in the previous paragraph. Recently this
subject has been intensively studied with very interesting results, see for
instance [ 36 , 37 ], and references therein. It is not our purpose to overview

this subject here.

Finally, as a new development in this direction, we study the gravitational
duality of Hitchin's functional in seven dimensions and its relationship to the

gravitational duality algorithm in the corresponding six-dimensional theories.

In section 2 we give a brief review on the work performed by our group
regarding non-abelian gravitational duality. In section 3 we focus on the 3
dimensional Chern-Simons gravity where we describe in detail the duality
algorithm. Section 4 is devoted to study the gravitational duality in the

topological M-theory [ 10 ], which is described by using the Hitchin's

functionals [ 17 ] in seven-dimensional manifold with G 2 -holonomy. Further,
the six-dimensional Hitchin's functionals [ 18 ] are discussed. We find the
corresponding dual actions by using the duality algorithm. Moreover, using a
relation of Hitchin's functionals in six and seven dimensions, given via the
Hamiltonian flow, we prove that the duality in the six-dimensional model is
obtained from the duality in the seven dimensional theory. Thus the parent
action in the six-dimensional theory follows from the corresponding action in

the seven-dimensional case. Finally in section 5 we give our final remarks.

2. Gravitational Duality in Form Theories of Gravity

In this section we overview the idea of gravitational duality. There are many

conceptions of this duality. We are going to give a path to our work. We will
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not intend to give a historical and detailed view on the subject here. For a
review about work done on the different visions of gravitational duality and

the development in early stages, see[ 2, 3 ].

First of all, we review some aspects from Garcia-Compean et al. [ 22 ]. This
work was inspired by the work in Ganor and Sonnenschein [ 28 ], where a
dual action for non-supersymmetric pure Yang-Mills theories is given. We

start from the partition function

Z=[DADGei[LPdDx=DADGeiJ[gGapuyvGuva+GauvFpu

va(A)]dDx,(1)

whereFuva(A)=90pnAva-ovAupua+gfbcaApubAvc. After
integration of the auxiliary field G one get the original Yang-Mills Lagrangian
LYM=-14gFapv(A)Fupva(A).Inorderto getthe dual action, one

can integrate with respect to the gauge field A, from which follows [ 28 ]

Z=[DGdet(2gM)-1leif(2nmgMuv-labopGappooGbov+g

GapvGpuva)dDx,(2)

where Mabpuv=fabcGcuv. Thisis an action of the Freedman-
Townsend type [ 38 ]. Note that in these computations it was not necessary
torelate Ga p v to G uv a by any specific metric, the only condition is
invariance under the required symmetries. This formulation can be
generalized for a Lagrangian L ( F ), which could also depend on other fields.

Consider the associated partition function

Z=[DADGDFeif{L(F)+2nGapuv[Fuva-Fuva(A)]l}dDx.

(3)
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Proceeding as in the case of (1), after integration of A the partition function

becomes

Z=[DGDFdet(2M)-1leif[2nMMuv-labopGapuooGbaov+

GapvFpva+L(F)]dDx.(4)

For example,ifL(F)=02nFauvFuva,whereFapv=????abuvpo
Fpob,is defined through some metric ????. After integration of F the

partition function becomes

Z=[DGeif(2ngMuv-labopGappooGbov-nm26GapuvGpuv

a)dDx.(5)

This formulation has been applied in Garcia-Compean et al. [ 22 ] to
topological gravity, considering the Pontryagin and Euler topological
invariants LP=0GP2nfepvpodabcdRpuvab(w)Rpocd(w)
andLE=0GE2n[fepuyvpocabcdRuvab(w)Rpocd(w), where
a, b, ¢, d are Minkowski indices, w 1 a b is the spin connectionand dabcd
=12(8dacdbd-8adbdbc).Thusthe gauge group is SO (3, 1). In this
casein (5) wetakeGabpuv=12ecpvponab,cdGpocd,
respectively Gabpuv=14ec¢uvpocabcdGpocd,wherenab,cd=
l2(nacnbd—-nadnbc).—nadn bec). In fact, the equivalence of SO
(3, 1) with SL (2, C) x SL (2, C) leads to the decomposition into self-dual and
anti-self-dual metricsdabcd=MNMab(+)cd+MNab(—)cdandeabc
d=2i(Mab(+)cd—-Mab(—)cd)..Henceitis enough to consider L
(x)=06G(x)2nfepvpoRpuv(x)ab(w)Rpoab(x)(w),
whereGuv(x)ab=MN(x)abcdGuv(x)cdandGab(x)uv=12

edvponacnbdGpo(x)cd.

https://assignbuster.com/new-reflections-on-gravitational-duality/



New reflections on gravitational duality - Paper Example Page 8

For the MacDowell-Mansouri theory worked out in Garcia-Compean et al. [ 23
] we have considered the classically equivalent formulation S = [d4 X e pu v
pocabcd(tT+Fuv+abFpo+cd-Tt-Fpuv-abFpo-cd), hence

it is sufficient to consider the self-dual action

S=[d4xepvpocabcdFuv+ab(w,e)Fpo+cd(w,e)=2i[d

4xehdvpoFuv+ab(w,e)Fpocab+(w,e),(6)

whereFuvab(w,e)=0pwvab-ovwpab+wpacwvcb-A2(e
HMaevb-evbepa)isthe /SO (1, 3) field strength. In this case the

partition function is given by

Z=[Dw+DeDG+DF+e—-2[{1lk*Fab+puvFuv+ab+2n*G

ab+pyuv[Fuv+ab—-Fuv+ab(w,e)l}d4dx,(7)

where the * corresponds to the Hodge dual. In this expression, the
integration must be made considering the redundancy of the self-dual
integration variables, as can be seen from the following identities: u + ab v
ab+=-4ul0i+v0i+,*Gab+pvwp+acwvc+b=4*Gij+puv
WOip+wOjv+and*Gab+pvepgaevb=*Gij+uvepievj-ici
jk*Gij+uvepu0evk. Thus, integrating successively the quadratic

termsinFpv+0i,wu+0iandepi, we get

Z=[DG+Dedet(G+-1)e—-8[{—n2k*GO0i+pupvGuvOoi++ —
M4dG+pv—-—1ijop*GO0iocpooc*GO0jpv+116mMA2G(0)uvenle

v0}d4x,(8)
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where the integration over D e stands for integration overe u0,and G (0)
HVv=G+po-lijeikleymn*Gkl+pp*Gmn+ ov. After

integration of e u 0, it follows the dual partition function of (7)

Z=[DG+det(G+—-1)det(G(0)—-1)e—-2n[{G+puv—1lijop*

GOiopoo*GO0jpv+4nk*GOi+puvGuvOi+3}d4ax.(9)

The MacDowell-Mansouri gravity can be generalized to supergravity. This is
done simply by promoting the gauge group SO(3, 2) to the supergroup
OSp(1] 4). This theory was also studied in the context of gravitational duality
and a parent action was constructed and its dual action was given in Garcia-

Compean etal. [ 24 ].

For 3D Chern-Simons theories this approach simplifies considerably. In this
casewe have Lcs=Tr(AH(A)), where H(A)isa ( D—-1) form. We

exemplify it for D = 3, and following [ 25 ], consider the parent action | P =i

Trf[(aAF+BGF+YyGdA+nGA2),i.e.

IP=ifecijk(aAiaFjka+BGiaFjka+yGiaojAka+n2Giafb

caAjbAkc),(10)

where «, B, y and n are constants. We show that independently of the
integration order in the partition function, the resulting dual action is the
same (self-dual). In the next section we make it explicitly since it is an
important example in order to compare with the dual actions of Hitchin's

functionals in seven and six dimensions (see section 4).

If we integrate first over G in the partition function
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Z=[DADGDFexp(ilP),(11)

we get

Z=[DADFG6[BFija+y2(aiAja-ajAia)+n2fbcaAibAjcle

ifeijkaAiaFjkad3x,(12)

from which, after integration over F gives

Z=[DAdet(2nB)e-iayBfeijkAia(ojAka+n2yfbcaAjbA

kc)d3x.(13)

Now, if we integrate over F in (11), we get

Z=|DADGO&6(aAia+BGia)eifeijk(yGiasajAka+n2Giafb

caAjbAkc)d3x.(14)

Integrating now over A and after the change Gia - -Gia ityields

Z=[DGdet(2na)e-iByafeijkGia(ojGka+Bn2ayfbcagG]j

bGkc)d3x,(15)

and, otherwise, integrating over G gives (13).

Finally, the integration over A and then over F can be performed if we
observe that the parent action (10) can be rewritten, after partial integration

for the third term and simple algebraic manipulations, as

IP=J[n2MabijA"iaA"jb—-2a2nMij—1labF aiF"bj—Bya

cijkGia(ojGka—-Bn2ayfbcaGjbGkc)]d3x,(16)
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whereMabij=¢ijkfabcGkc,A~ia=Aia+2anMij-1lab(Fbj
+yvy2acjklokGlb),andF~ai=Fai+vy2acijk(ojGka+Bnay
fabcGjbGkc).Thus, the integration over A and F in the partition
function (11), leads to the integration of the first two gaussian terms in the
partition function of (16), whose contributions cancel up to a factor, following

(17).

Therefore, the parent action (10) leads to the dual partition functions (13)
and (17). The dependence of the coupling constants in the determinants in
these partition functions can be eliminated by rescalings, after which both

actions coincide with

Z=[DAe-iaByfeijkAia(ojAka+Bn2yfbcaAjbAkc)d3x,

(17)

where constant factors have been discarded and for (17) a parity
transformation G - — G must be made. Note that apparently the partition
functions (13) and (17) have inverted coupling constants, but after the
preceding rescalings, they have the same dependence on the coupling

constants. This is a characteristic of 3 dimensional Chern-Simons.

Gravity in three dimensions is also described as a gauge theory. This is a
Chern-Simons theory with gauge group being SO (2, 2), /SO (1, 3) and SO (1,
3) according if the cosmological constant takes negative, zero o positive
values. These theories also do admit a dual gravitational description and this
was described in Garcia-Compean et al. [ 25 ]. This will be reviewed in the
next section. The generalization to Chern-Simons supergravity is also

obtained by promoting for instance the group SO(2, 2) to the supergroup
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Osp(2, 2| 1). The analysis of the gravitational duality was performed in

Garcia-Compean et al. [ 26 ].

Finally for the Plebanski formulation, which is also known as of the BF-type, it
is somewhat different. In order to analyze it, we consider the original
complex version with a SU (2) symmetry and anaction[ 13 ]l=[euvpo
[l1KZpViFpoi(w)+oijZuvizZpojldax, where ¢ is a traceless
Lagrange multiplier matrix. The solution of the constraints e pvpo(Zpuviz
Poj-130ijZuvkZpok)=0iszpvi=12(epnuOevi+i2ejkiepu]j
e v k), which substituted into the action gives the Palatini action. Following

the previous analysis, we consider the parent action

l=fepuvpo(aZuviFpoi+BGuViIiFpoi+YyYGuVIiopwoi+nGp

vigijkwpjwok+d¢ijzZpuvizpoj).(18)

First we observe that the quadratic form in Z, the last term, cannot be

integrated in combination with the first term to give a F 2 term, because ¢ is
traceless, and the first term is contracted with & j. Furthermore, similar to
the Chern-Simons case, the integrations over F and G, and over F and %,

give all of them the Plebanski action

Z=[DZDwDo¢eifepvpol[-ayBZuvi(opwoi+nyeijkwpjw

ok)+dijZpuvizpojl.(19)
However, the integration over w, F and Gin (18) gives

Z=[DXZD¢det(M=1)eif(ay2BpnNnMpupv—-1lijop*Zipuoo*2zjo

V+euvpoodijEuvizpoj),(20)
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where Mijuv=cijk*Zkpuv.

3. Gravitational Duality in 3D Chern-Simons Gravity

In the present section we explain the details of gravitational duality for the
Chern-Simons theory in three dimensions. This subject has been discussed in
the previous section for a general Chern-Simons theory. However here we

intend to exhibit the details corresponding to gravitational Chern-Simons.

2+1 gravity dimensions is a theory that has played a very important role as
a toy model of four dimensional general relativity at the classical and
quantum levels. In Witten [ 15 ] 2+1 gravity was described in terms of the
standard and exotic actions. In Garcia-Compean et al. [ 26 ] we showed that
both actions correspond to the self-dual and anti-self-dual of the Chern-
Simons actions with respect the Lorentz gauge group. The given Lie
algebrasgof the gauge groups have three generators constructed with four
capital Latin letters A, B, C, D=0, ..., 3 and correspond tog= so(3, 1) andg=
so(2, 2) for A > 0 and A < 0 respectively. The Lie algebragis generated by M
AB, which satisfy[ MAB, MCD]=ifABCDEFMEF,wherefABCDE

F are its corresponding structure constants.
Consider the non-abelian Chern-Simons action
I(A)=[Xgd4nTr(AAH),(21)

where g is the Chern-Simons coupling, H=dA +23AAAandTris a
quadratic form ofgsuch that it satisfies Tr( MasM cp) = n (Acn Bp) . The
gauge field A=AiABMABdxiandthe H-fieldH=HijABMABdXiA

d xj . In local coordinates we have
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I(A)=/Xd3xg4neijkAiAB(ajAkAB+13fABCDEFAjCDA

KEF).(22)

The duality algorithm require to propose a parent action , which in [ 26 ] has

been proposed as

IP(A,B,G)=[Xd3xeijk(aBiABHjkAB+bAiABGjkAB+cB

iABGjkAB),(23)

where

Hik AB=3jAkAB+13fABCDEFAjCDAKEF.(24)

The duality algorithm allows to recover the original action (22) after an
integration with respect the Lagrange multipliers Band G . In fact, in the
preceding section we have presented a somewhat more general parent
action, although the details of the computations in [ 25 ] are the same, in

such a way that the resulting actions, with a= —g/4n, b=1and c= 1, are

I(A)=[Xd3xg4neijkAiAB(djAKAB+13fABCDEFAjCDA

KEF).(25)

Whereas the dual one is

ID(B)=/Xd3xg4neijkBiAB(9jBKkAB+13fABCDEFBCD

BKEF).(26)

In Chern-Simons gravity Newton's gravitational constant G wnis related to the

Chern-Simons coupling constant g[ 16 ] 1i. e.

g=-14GN.(27)
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In the context of Abelian Chern-Simons theory, this duality was previously
working out by Balchandran [ 39 ]. In particular, it was shown that in the
Abelian case, the consistency of the dual theory requires from periodic
boundary conditions for the dual fields B i A B . More recently this duality
symmetry has been explored in the context of supersymmetric Chern-
Simons QED [ 40 ]. Finally a more exhaustive analysis was carried out in

Witten [ 41 1.

4. Gravitational Duality in Hitchin's Gravity Theories

In this section we will discuss the so called topological M-theory [ 10 ]. This is
a theory in a seven-dimensional manifold X with G 2 -holonomy and stable

real 3 and 4-forms ® and G = ~®. The Hitchin's functionals [ 17, 18 ]

describing the volume of the seven-manifold X in terms of the stable forms

are given by

V7(0)=[XDA~D,(28)

and

V7I(G)=[XGA=+G.(29)

The critical points of these actions determine special geometric structures on
X . For instance the variation of Equation (28) determines a metric with G 2 -

holonomy which can be constructed through solutions of equations of motion

do=0,d~d=0.(30)
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Another form we can see that this is true is as follows. If one takes ® to be
an exact form: ® = dB with B being a two form on X. Then immediately one

has d® = 0. Then the variation of the volume (28) is given by

OV7(D)=2[XB3DA~D.(31)

Taking into account that ® = dB we have

OV7(d)=-2[X8BAd~d=0.(32)

Then we have that Equation (30) are fulfilled. Similarly this procedure can ba

carried out for Equation (29).

A similar procedure can be implemented for Equation (29). It is easy to see

that the corresponding equations of motion are

dG=0,d~G=0.(33)

For seven manifolds which are the global product X = M x /, where /is the
finite interval. The stable forms in the 7-dimensional theory induce stable
forms in the 6-dimensional theory through a Hamiltonian flow. This
determines the form of ® and ~® in terms of the 6-dimensional stable real 3-

form p and 2-form k[ 10 ]. This is given by

O=p(t)+k(t)adt, xd=0+p~Adt,(34)

where 0 =1 2 k A k. In terms of stable forms p and k the Hitchin's action is

written as [ 10 ]

VI(®)=[MpAp~+12[MkAakAak=2VH(p)+3VS(o),(35)
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where
VH(p)=12[MpAap~(36)
and
VS(o)=16Mkaknak.(37)

Variations of (36) and (37) with respect to p and k respectively lead to the

following equations of motion
dp=0,dk=0.(38)

The first equation implies the existence of a closed holomorphic and
invariant (0, 3) form Q on M with dQ2 = 0 and the existence of a Kahler form k

on M. That means that Mis a Calabi-Yau manifold.

4. 1. Gravitational Duality in Topological M-Theory

In this subsection we will find the dual action to the Hitchin's actions (28) and

(29). In order to do that we consider the following parent action
IP(®,B,AN)=[X(aBA~*D+bdA~A+CcBA=*A),(39)

where ®, B, A belong to Q3 ( X) and a, b and c are undetermined
constants. Integrating out with respect to the Lagrange multipliers A and B

we will regain the original action (28). Thus in Euclidean signature
exp{-1(®)}=[DBDAexp(-1P(®,B,A)),(40)
after integration we have

I(d)=-abc[XDA~d.(41)
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If we select the constants, b= 1 and ¢c = —1, then

[(®d)=a[XPA~D.(42)

If we take a = 1 then

1(®)=VT7(d).(43)

Now we can obtain the dual action by integrating out (40) with respect to B

and ©

exp{-ID(A)}=/DODBexp(-1P(®,B,A)).(44)

Integrating out first with respect to B we get

[DODAG[+(ad+cA)lexp(-b[XDA+A).(45)

Further integration with respect to ® leads to the dual action

ID(A)=-bca[XAAN*N.(46)

As in the derivation of action (42) we have

ID(A)=1a[XAAN~N.(47)

Thus the dual action looks exactly of the same form as the Hitchin's action
(42) but with the coupling constant inverted and interchanging the original
degrees of freedom ® by the dual variables A, which are the Lagrange

multipliers.

Once again if a = 1 we have

ID(A)=VT7(AN),(48)
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where

V7(AN)=[XAAN~N.(49)

It is immediate to see that the equations of motion associated to the dual

action (49) are

dA=0,d»A=0.(50)

Then we conclude that the topological M-theory with action (28) is self-dual.

4. 2. Derivation of the Parent Action in Six Dimensions From Topological M-
Theory

As we mentioned before action (28) can be reduced to a theory in six
dimensions which is the linear combination given by (35). Now we will show
that under certain conditions the duality algorithm in the seven dimensional
theory can be induced to a duality procedure in six dimensions from the

action (39).

In addition to Equation (34) we have

B=b3+b2aAadt,*B=b4+b"~3ndt,(51)

and something similar happens for the Lagrange multiplier

AN=A3+A2Adt,*A=A4+A"3Adt.(52)

We impose that all of them satisfy the Calabi-Yau condition

b3Ab2=0,A3AA2=0.(53)

https://assignbuster.com/new-reflections-on-gravitational-duality/



New reflections on gravitational duality - Paper Example Page 20

Moreover we assume the same dependence for p ©~ and A ~ 3. That is, if we
havep ~ (p)=A~3(A3), thisimplies that p = A 3. With these
conditions it is possible to show that the parent action (39) can be reduced

to the linear combination of two parent actions in six dimensions

IP=I1P(p,b3,A"3)+IP(0,b2,A"4),(54)

where

IP(p,b3,A~3)=a[Mb3Ap~+b[MA~3Ap+Cc/MA~3Ab3,

(55)

and

IP(0,b2,A~4)=a[MoAb2+b[MA~4Ak+Cc[MA~4Ab2.

(56)

4. 3. Gravitational Duality in Six Dimensions

Now we describe the duality in six dimensions. We start from the action (55).
Integrating out with respect the Lagrange multiplier A ©~ 3 we go back to the

original action

I(p)=-abc[MpAap”™.(57)

If we take @a = b= 1 and ¢ = —1 as before. Then we get

I(p)=VH(p).(58)

Now the dual action can be obtained by calculating the effective action and
integrating out with respect to b 3 and then with respect to p ~ . This is given

by
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exp{-ID(A"3)}=[DA"3Db3Dp~exp(-IP(p,b3,A"3)).

(59)

Integration with respect to b 3 yields

JDA"3Dp~6(ap”™+cA"3)exp(-bfMpAA~3).(60)

Now we use the arguments given after Eq. (53), integrationonp ~and A ©~ 3

can be expressed as integrations with respect to p and A 3, then

[DA"3Dpbd(ap+cA3)exp(-bfMpAA~3).(61)

Then integration with respect to p determines the dual theory

ID(p)=-bca[MA3AA~3.(62)

Again, for b= 1 and ¢ = —1 we have

ID(p)=1a[MA3AA~3.(63)

It is a self-dual theory that inverts the coupling a and interchanges the

original degrees of freedom p by A 3.

We now discuss the duality coming from the parent action (56). Once again
integration with respect to the Lagrange multiplier A ©~ 4 leads to the original

action

l(o)=a[Moak.(64)

Finally we will get the dual action. Before that we make the assumption that

the Lagrange multiplier A ~ 4 can be rewritten as
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Am4=12A~AA~.(65)

The dual action is then defined by

exp{-ID(A~)}=/Db2Dkexp{-1P(0o,b2,A~)}.(66)

Integration with respect to the field b 2 including condition (65) leads to

IDA~Dkb&(ak+cA~)exp(-b2 MA~AA~nk).(67)

Finally integration with respect to k determines the dual theory fora=b=1

and c= -1

ID(A~)=12[MA~AA~AA~.(68)

5. Final Remarks

In the present article we give an overview of some of our results regarding
gravitational duality in some gravity theories [ 22 - 27 ]. In these papers we
found some explicit dual actions to some specific theories of gravity. The
duality procedure was implemented from the Rocek-Verlinde non-abelian

31].

duality algorithm applied to Yang-Mills theories [ 28 -

In section 2, we reviewed the gravitation duality in a unified framework that
contains the cases of topological gravity, MacDowell-Mansouri gravity,

Chern-Simons gravity and BF-gravity. In order to present a complete case, in
section 3 we overview in more detail the corresponding gravitational duality

to Chern-Simons gravity in 2+1 dimensions.

In section 4 we give a new contribution to the subject. We apply for the first

time the duality algorithm to the Hitchin's volume functionals in seven and
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six dimensions. Hitchin's functional in seven dimensions is the starting point
to define topological M-theory [ 10 ]. In the present article we find the dual
action which is written in terms of the dual degrees of freedom A and it is
observed to be self-dual since it has the same form as the original action.
Furthermore the dual action has inverted the coupling constant. Moreover
the dual theory has the same equations of motion (50) than the original
theory. Thus they have the same dynamics and both theories are classically

equivalent.

The duality algorithm was also implemented for the Hitchin's functionals in
six dimensions. In this case we have two volume functionals V #(p) and Vs
(o). We have found the dual actions for such functionals given by
expressions (63) and (68). Moreover we showed that the corresponding
parent giving rise to these actions given by expressions (55) and (56)
follows, under certain sensible conditions, from the parent action of the
topological M-theory (39). Thus we find that the duality algorithm in six
dimensions come from the duality procedure of the underlying seven-
dimensional theory. It is expected that this connection can be carried out to
other duality procedures in form theories of gravity in lower dimensions. In a
future work we expect to report our results in the search of this web of
dualities from M-theories to lower dimensions including the four and three
dimensions. It would be interesting to investigate if the recent results [ 19 -

21 ], will be of some relevance in this analysis.
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