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[bookmark: h2]1. Introduction 
The Price equation has been used in many disciplines to study the forces that cause change in populations ( Frank, 2018 ). In evolutionary biology, the equation separates the changes in traits caused by natural selection from the changes in traits that arise during transmission ( Gardner, 2020 ). The abstract expression of change often highlights general principles. For example, the Price equation shows that certain patterns of correlation between individuals provide sufficient statistics for the evolutionary forces that influence altruistic behaviors, the basis for kin selection theory ( Hamilton, 1970 ; Frank, 1998 ). 
The Price equation has also been used in ecology to partition change in diversity indices into direct and indirect processes ( Godsoe et al., 2019 ). Economists have used the equation to model the evolution of firms ( Metcalfe, 1998 ; Andersen, 2004 ). In physics and other disciplines, the Price equation neatly separates change caused by directly acting forces from change that arises indirectly from an altered frame of reference ( Frank, 2018 ). The direct forces and the frame of reference are abstractions of the biologists' components of natural selection and transmission. 
A recent collection of articles celebrates the 50th anniversary of the Price equation and summarizes applications across a wide variety of disciplines ( Lehtonen et al., 2020 ). 
The classic Price equation describes change in any population statistic that can be written in the form of an expected value. Many population statistics cannot be written in that form ( Bullen, 2003 ). 
This article generalizes the Price equation to handle most other forms of population statistics. We end up with the same generic partitioning of population change into two components: the forces that alter the frequencies of the entities that make up the population holding constant the measurements on each entity and the forces that alter the measurements on each entity holding constant the frequencies ( Frank, 2012 ). 
[bookmark: h3]2. The Classic Price Equation 
Consider a population statistic that can be written as the expected value of some measurement 
z ̄ = ∑ i q i z i = q · z . 
The index i denotes subsets of the population. The frequencies q i describe the weighting of each subset. The measurements z i are any value that may be associated with subsets. The statistic z ̄ is the expected value of the measurement. This form can be applied to moments, in which z i = x i n implies that z ̄ is the n th moment of x ( Frank and Slatkin, 1990 ). 
Vector notation provides a more compact expression. The vectorsqandzrun over the indices i = 1, 2, …, n . The dot product, q·z, yields the summation that defines the expected value. 
For any population statistic that can be written as an expected value, the classic form of the Price equation partitions the total change in the statistic into two components. If we define the statistic in the altered population as z ̄ ′ = q ′ · z ′ , then 
Δ z ̄ = q ′ · z ′ - q · z = q ′ · z ′ - q ′ · z + q ′ · z - q · z = q ′ · Δ z + Δ q · z . 
It is convenient to switch the order of the terms in the last line 
Δ z ̄ = Δ q · z + q ′ · Δ z . ( 1 ) 
This expression provides the most basic form of the classic Price equation. Frank (2012) relates this vector form to other notations, such as the covariance and expectation used by Price (1970 , 1972) . 
Equation (1) follows the strictly defined set mapping scheme for the relations between entities in the two populations given in Frank (2012) . For example, q i ′ is the frequency of entities in the altered population derived from entities in the original population with index i . Our extension in the following section also adheres to that strictly defined set mapping. See Frank (2012) for further details. 
The Price equation is simply the chain rule for differences applied to a population statistic. The first term on the right-hand side of Equation (1) describes the change in frequencies when holding the measurements constant. The second term describes the change in the measurements when holding the frequencies constant. In the second term, the constant frequencies come from the altered population, because the consequences of the changed frame of reference depend on the frequencies in the altered population. We can express these partial changes with the notation 
Δ z ̄ = Δ q z ̄ + Δ z z ̄ , ( 2 ) 
in which Δ q is the partial change with respect to q , and Δ z is the partial change with respect to z when evaluated in the altered population. See Frank (2018) for the abstract mathematical properties of the classic Price equation and applications of that abstract interpretation. 
In biology, the partial frequency changes, Δ q , often associate with natural selection, which directly changes frequencies in proportion to Fisher's average excess in fitness. The partial measure changes, Δ z , often associate with changes in trait values during transmission ( Frank and Slatkin, 1990 ; Frank, 1998 ). Thus, the Price equation provides a general separation between selection and transmission. 
[bookmark: h4]3. The Generalized Price Equation 
Many population statistics cannot be expressed as the expected value of a particular measurement. Consider any population statistic that can be written as f (q, z), where f is a function that maps the population frequencies and measurements to some value. For example, 
f ( q , z ) = 1 ∑ i q i z i . ( 3 ) 
Many population statistics depend on the frequencies and values across population subsets ( Bullen, 2003 ), including generalized means with examples such as the minimum, harmonic mean, geometric mean, root mean square, cubic mean, and maximum. Other population statistics can be written as a function of the form f include the median and the percentiles. 
The change in f is 
Δ f = f ( q ′ , z ′ ) - f ( q , z ) . 
Applying the same approach as in the derivation of the classic Price equation, we can add f (q′, z) − f (q′, z) = 0 to the expression above and then re-arrange to obtain 
Δ f = [ f ( q ′ , z ) - f ( q , z ) ] + [ f ( q ′ , z ′ ) - f ( q ′ , z ) ] , ( 4 ) 
which may be expressed in the partial difference notation as 
[bookmark: h5]Δ f = Δ q f + Δ z f . 
4. Example 
Using the example function in Equation (3) in the general form of Equation (4), we obtain 
Δ f = [ 1 q ′ · z - 1 q · z ] + [ 1 q ′ · z ′ - 1 q ′ · z ] , 
from which we can derive an expression that contains the standard partial change terms of the classic Price equation, normalized by the average values of z , as 
Δ f = - 1 q ′ · z [ Δ q · z z ̄ + q ′ · Δ z z ̄ ′ ] . ( 5 ) 
Using the partial change notion in Equation (2), we can write 
Δ f = - 1 q ′ · z [ Δ q z ̄ z ̄ + Δ z z ̄ z ̄ ′ ] . 
This simple form emphasizes the partial change expression. In many applications, these partial change terms associate with the direct effects of selection on frequency changes and the indirect effects of changes in measurement values during transmission. 
[bookmark: h6]5. Recursive Multilevel Expansion 
The classic Price equation can be expanded recursively ( Hamilton, 1975 ). In Equation (1), the right-hand Δzterm is the vector Δ z i over the index, i . Each Δ z i term may itself be considered as the change in the average value of z within the i th subset or group. Each of those terms may be analyzed by the equation, in which 
Δ z ̄ i = Δ q i · z i + q i ′ · Δ z i . 
Each group indexed by i contains the next level of nested subsets. For example, z i = z 1| i , z 2| i , …, z 1| m i . Multilevel expansions have provided insight into many applications ( Hamilton, 1975 ; Frank, 1998 ; Hilbert, 2013 ). 
We can hierarchically expand the generalized form in Equation (4). In the third right-hand side term of that equation, we write 
f ( q ′ , z ′ ) = f ( q ′ , z + Δ z ) , 
in which Δz= z′ −z. Now we have a Δzterm, to which we can apply the classic Price equation. 
In the example of Equation (5), the Δzterm appears in the numerator of the final right-hand side term. That term can be expanded to evaluate hierarchically nested levels by the methods outlined here. 
[bookmark: h7]6. Application 
Several widely used population statistics do not match the standard expected value form of the classic Price equation ( Bullen, 2003 ). Our generalization provides a way to partition changes in such statistics into frequency changes and measure changes. We discuss the harmonic mean and the numbers equivalent of a diversity index. 
The harmonic mean of a measure y i has the form of Equation (3) when we define z i as 1/ y i . The expression in Equation (5) partitions changes in the harmonic mean into partial frequency change and partial measure change components. 
Harmonic means arise in various population biology applications. The carrying capacity of a polymorphic population can often be approximated by a weighted harmonic mean of the carrying capacity of each type ( Anderson, 1971 ). Optimal residence times of consumers may vary with the harmonic mean of the quality of resources in a given patch ( Calcagno et al., 2014 ). When mating occurs in local patches, the inbreeding level often follows the harmonic mean number of females per patch ( Herre, 1985 ). 
The numbers equivalent diversity index can be expressed in the functional form of f (q, z) by defining z i = q i p - 1 and then writing 
f ( q , z ) = ( q · z ) 1 1 - p . 
This numbers equivalent form provides a general diversity expression that allows comparison of different diversity indices when expressed in common units ( MacArthur, 1965 ; Hill, 1973 ; Jost, 2006 , 2007 ). 
Godsoe et al. (2019) used the classic Price equation to analyze the simpler arithmetic mean diversity index f = q·zfor z i = q i p - 1 for p ≠ 1. They demonstrated the value of partitioning changes in diversity into frequency change and measure change components to evaluate the role of selection in the dynamics of diversity. However, they could not generalize their results to the broader numbers equivalent form of diversity because the classic Price equation is limited to expected value statistics. We can now use the generalized Price equation to partition the change in the numbers equivalent diversity index. 
[bookmark: h8]7. Conclusion 
The classic Price equation has been applied to a wide variety of problems ( Lehtonen et al., 2020 ). Our results generalize the equation to population statistics that can be expressed as a function of frequencies and measurements. That generalization opens new problems for study. 
[bookmark: h9]Data Availability Statement 
The original contributions presented in the study are included in the article/supplementary material, further inquiries can be directed to the corresponding author/s. 
[bookmark: h10]Author Contributions 
SF sketched the main idea based on conversations with WG. SF and WG jointly wrote the manuscript. All authors contributed to the article and approved the submitted version. 
[bookmark: h11]Conflict of Interest 
The authors declare that the research was conducted in the absence of any commercial or financial relationships that could be construed as a potential conflict of interest. 
[bookmark: h12]Acknowledgments 
The project was supported by the Donald Bren Foundation (SF) and the New Zealand Tertiary Education Commission CoRE grant to the Bio-Protection Research Centre (WG). This manuscript has been released as a pre-print at bioRxiv ( Frank and Godsoe, 2020 ). 
[bookmark: h13]References 
[bookmark: B1]Andersen, E. S. (2004). Population thinking, Price's equation and the analysis of economic evolution. Evol. Instit. Econ. Rev . 1, 127–148. doi: 10. 14441/eier. 1. 127 
CrossRef Full Text | Google Scholar 
[bookmark: B2]Anderson, W. W. (1971). Genetic equilibrium and population growth under density-regulated selection. Am. Nat . 105, 489–498. doi: 10. 1086/282741 
CrossRef Full Text | Google Scholar 
[bookmark: B3]Bullen, P. S. (2003). Handbook of Means and Their Inequalities . Dordrecht: Kluwer Academic Publishers. doi: 10. 1007/978-94-017-0399-4 
CrossRef Full Text | Google Scholar 
[bookmark: B4]Calcagno, V., Grognard, F., Hamelin, F. M., Wajnberg, E., and Mailleret, L. (2014). The functional response predicts the effect of resource distribution on the optimal movement rate of consumers. Ecol. Lett . 17, 1570–1579. doi: 10. 1111/ele. 12379 
PubMed Abstract | CrossRef Full Text | Google Scholar 
[bookmark: B5]Frank, S. A. (1998). Foundations of Social Evolution . Princeton, NJ: Princeton University Press. doi: 10. 1515/9780691206820 
CrossRef Full Text | Google Scholar 
[bookmark: B6]Frank, S. A. (2012). Natural selection. IV. The Price equation. J. Evol. Biol . 25, 1002–1019. doi: 10. 1111/j. 1420-9101. 2012. 02498. x 
PubMed Abstract | CrossRef Full Text | Google Scholar 
[bookmark: B7]Frank, S. A. (2018). The Price equation program: simple invariances unify population dynamics, thermodynamics, probability, information and inference. Entropy 20: 978. doi: 10. 3390/e20120978 
CrossRef Full Text | Google Scholar 
[bookmark: B8]Frank, S. A., and Godsoe, W. (2020). The generalized Price equation: forces that change population statistics. bioRxiv . doi: 10. 1101/2020. 03. 19. 999052 
CrossRef Full Text | Google Scholar 
[bookmark: B9]Frank, S. A., and Slatkin, M. (1990). The distribution of allelic effects under mutation and selection. Genet. Res . 55, 111–117. doi: 10. 1017/S0016672300025350 
PubMed Abstract | CrossRef Full Text | Google Scholar 
[bookmark: B10]Gardner, A. (2020). Price's equation made clear. Philos. Trans. R. Soc. B 375: 20190361. doi: 10. 1098/rstb. 2019. 0361 
PubMed Abstract | CrossRef Full Text | Google Scholar 
[bookmark: B11]Godsoe, W., Eisen, K., and Stanton, D. (2019). Transmission bias's fundamental role in biodiversity change. bioRxiv . 527028. doi: 10. 1101/527028 
CrossRef Full Text | Google Scholar 
[bookmark: B12]Hamilton, W. D. (1970). Selfish and spiteful behaviour in an evolutionary model. Nature 228, 1218–1220. doi: 10. 1038/2281218a0 
PubMed Abstract | CrossRef Full Text | Google Scholar 
[bookmark: B13]Hamilton, W. D. (1975). “ Innate social aptitudes of man: an approach from evolutionary genetics,” in Biosocial Anthropology , ed R. Fox (New York, NY: Wiley), 133–155. 
[bookmark: B14]Herre, E. A. (1985). Sex ratio adjustment in fig wasps. Science 228, 896–898. doi: 10. 1126/science. 228. 4701. 896 
PubMed Abstract | CrossRef Full Text | Google Scholar 
[bookmark: B15]Hilbert, M. (2013). Linking Information, Knowledge and Evolutionary Growth: A Multilevel Interplay Between Natural Selection and Informed Intervention (SSRN Scholarly Paper No. ID 2397751) . Available online at: https://ssrn. com/abstract= 2397751 . doi: 10. 2139/ssrn. 2397751 
CrossRef Full Text | Google Scholar 
[bookmark: B16]Hill, M. O. (1973). Diversity and evenness: a unifying notation and its consequences. Ecology 54, 427–432. doi: 10. 2307/1934352 
CrossRef Full Text | Google Scholar 
[bookmark: B17]Jost, L. (2006). Entropy and diversity. Oikos 113, 363–375. doi: 10. 1111/j. 2006. 0030-1299. 14714. x 
CrossRef Full Text | Google Scholar 
[bookmark: B18]Jost, L. (2007). Partitioning diversity into independent alpha and beta components. Ecology 88, 2427–2439. doi: 10. 1890/06-1736. 1 
PubMed Abstract | CrossRef Full Text | Google Scholar 
[bookmark: B19]Lehtonen, J., Okasha, S., and Helanter, H. (2020). Fifty years of the Price equation. Philos. Trans. R. Soc. B 375: 20190350. doi: 10. 1098/rstb. 2019. 0350 
CrossRef Full Text | Google Scholar 
[bookmark: B20]MacArthur, R. H. (1965). Patterns of species diversity. Biol. Rev . 40, 510–533. doi: 10. 1111/j. 1469-185X. 1965. tb00815. x 
CrossRef Full Text | Google Scholar 
[bookmark: B21]Metcalfe, J. S. (1998). Evolutionary Economics and Creative Destruction . London: Routledge. doi: 10. 4324/9780203275146 
CrossRef Full Text | Google Scholar 
[bookmark: B22]Price, G. R. (1970). Selection and covariance. Nature 227, 520–521. doi: 10. 1038/227520a0 
PubMed Abstract | CrossRef Full Text | Google Scholar 
[bookmark: B23]Price, G. R. (1972). Extension of covariance selection mathematics. Ann. Hum. Genet . 35, 485–490. doi: 10. 1111/j. 1469-1809. 1957. tb01874. x 
PubMed Abstract | CrossRef Full Text | Google Scholar 
https://assignbuster.com/the-generalized-price-equation-forces-that-change-population-statistics/
image1.png




image2.png
Q ASSIGN

BUSTER




