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1. Introduction

Rapid advances in technology have led to the availability and need to
analyze a massive data. The problem arises in almost every area of life from
medical science to homeland security to finance. An immediate problem in
dealing with a massive data set is that it is not possible to store it in a
computer memory; we therefore have to deal with the data piecemeal to
keep access to an external memory to a minimum. The other challenge is to
devise efficient numerical algorithms to overcome difficulties, for example, in
using the customary optimization problems in machine learning. On the
other hand, the very availability of a massive data set should lead also to
opportunities to solve some problems heretofore considered unmanageable.
For example, deep learning often requires a large amount of training data,
which, in turn, helps us to figure out the granularity in the data. Apart from
deep learning, distributed learning is also a popular way of dealing with big
data. A good survey with the taxonomy for dealing with massive data was

recently conducted by Zhou etal. [ 1 ].

As pointed out in Cucker and Smale [ 2 ], Cucker and Zhou [ 3], and Girosi
and Poggio [ 4 ], the main task in machine learning can be viewed as one of
approximation of functions based on noisy values of the target function,
sampled at points that are themselves sampled from an unknown
distribution. It is therefore natural to seek approximation theory techniques
to solve the problem. However, most of the classical approximation theory
results are either not constructive or study function approximation only on
known domains. In this century, there is a new paradigm to consider function
approximation on data-defined manifolds; a good introduction to the subject
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is in the special issue [ 5 ] of Applied and Computational Harmonic Analysis,

edited by Chui and Donoho. In this theory, one assumes the manifold

hypothesis , i. e., that the data is sampled from a probability distribution ™

supported on a smooth, compact, and connected Riemannian manifold; for

simplicity, even that u ™ is the Riemannian volume measure for the manifold,

normalized to be a probability measure. Following (e. g.,[ 6 - 10 ]), one

constructs first a “ graph Laplacian” from the data and finds its eigen
decomposition. It is proved in the abovementioned papers that as the size of
the data tends to infinity, the graph Laplacian converges to the Laplace-
Beltrami operator on the manifold, and the eigenvalues (eigenvectors)
converge to the corresponding quantities on the manifold. A great deal of
work is devoted to studying the geometry of this unknown manifold (e. g., [

11, 12 ]) based on the so-called heat kernel. The theory of function

approximation on such manifolds is also well-developed (e. g., [ 13 - 17 ]).

A bottleneck in this theory is the computation of the eigendecomposition of a
matrix, which is necessarily huge in the case of big data. Kernel-based
methods have been used also in connection with approximation on manifolds

(e.qg., [ 18 -221]). The kernels used in this method are constructed typically

as a radial basis function (RBF) in the ambient space, and the methods are
traditional machine learning methods involving optimization. As mentioned
earlier, massive data poses a big challenge for the solution of these

optimization problems. The theoretical results in this connection assume a
Mercer's expansion in terms of the Laplacian eigenfunctions for the kernel,

satisfying certain conditions. In this paper, we develop a general theory

including several RBF kernels in use in different contexts (examples are
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discussed in section 2). Rather than using optimization-based techniques, we
will provide a direct construction of the approximation based on what we
have called eignets. An eignet is defined directly using the
eigendecomposition on the manifold. We thus focus directly on the
properties of Mercer expansion in an abstract and unified manner that
enables us to construct local approximations suitable for working with

massive data without using optimization.

It is also possible that the manifold hypothesis does not hold, and there is a
recent work [ 23 ] by Fefferman et al. proposing an algorithm to test this
hypothesis. On the other hand, our theory for function approximation does
not necessarily use the full strength of Riemannian geometry. In this paper,
we have therefore decided to work with a general locally compact metric
measure space, isolating those properties which are needed for our analysis

and substituting some that are not applicable in the current setting.

Our motivation comes from some recent works on distributed learning by

Zhou et al. [ 24 - 26 ] as well as our own work on deep learning [ 27 , 28 ].

For example, in Lin et al. [ 26 ], the approximation is done on the Euclidean

sphere using a localized kernel introduced in Mhaskar [ 29 ], where the

massive data is divided into smaller parts, each dense on the sphere, and
the resulting polynomial approximations are added to get the final result. In

Chui et al. [ 24 ], the approximation takes place on a cube, and exploits any

known sparsity in the representation of the target function in terms of spline
functions. In Mhaskar and Poggio [ 28 ] and Mhaskar [ 27 ], we have argued
that from a function approximation point of view, the observed superiority of

deep networks over shallow ones results from the ability of deep networks to
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exploit any compositional structure in the target function. For example, in
image analysis, one may divide the image into smaller patches, which are
then combined in a hierarchical manner, resulting in a tree structure [ 30 ].
By putting a shallow network at each node to learn those aspects of the
target function that depend upon the pixels seen up to that level, one can
avoid the curse of dimensionality. In some sense, this is a divide-and-
conquer strategy, not so much on the data set itself but on the dimension of

the input space.

The highlights of this paper are the following.

* In order to avoid an explicit, data-dependent eigendecomposition, we
introduce the notion of an eignet, which generalizes several radial basis
function and zonal function networks. We construct pre-fabricated eignets,
whose linear combinations can be constructed just by using the noisy values

of the target function as the coefficients, to yield the desired approximation.

* Our theory generalizes the results in a number of examples used

commonly in machine learning, some of which we will describe in section 2.

* The use of optimization methods, such as empirical risk minimization has
an intrinsic difficulty, namely, the minimizer of this risk may have no
connection with the approximation error. There are also other problems,
such as local minima, saddle points, speed of convergence, etc. that need to
be taken into account, and the massive nature of the data makes this an
even more challenging task. Our results do not depend upon any kind of

optimization in order to determine the necessary approximation.
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* We developed a theory for local approximation using eignets so that only a
relatively small amount of data is used in order to approximate the target
function in any ball of the space, the data being sub-sampled using a
distribution supported on a neighborhood of that ball. The accuracy of
approximation adjusts itself automatically depending upon the local

smoothness of the target function on the ball.

* In normal machine learning algorithms, it is customary to assume a prior
on the target function called smoothness class in approximation theory

parlance. Our theory demonstrates clearly how a massive data can actually
help to solve the inverse problem to determine the local smoothness of the

target function using a wavelet-like representation based solely on the data.

* Our results allow one to solve the inverse problem of estimating the
probability density from which the data is chosen. In contrast to the
statistical approaches that we are aware of, there is no limitation on how
accurate the approximation can be asymptotically in terms of the number of
samples; the accuracy is determined entirely by the smoothness of the

density function.

* All our estimates are given in terms of probability of the error being small

rather than the expected value of some loss function being small.

This paper is abstract, theoretical, and technical. In section 2, we present a
number of examples that are generalized by our set-up. The abstract set-up,
together with the necessary definitions and assumptions, are discussed in
section 3. The main results are stated in section 4 and proved in section 8.

The proofs require a great deal of preparation, which is presented in sections
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5-7. The results in these sections are not all new. Many of them are new only
in some nuance. For example, we have proven in section 7 the quadrature
formulas required in the construction of our pre-fabricated networks in a
probabilistic setting, and we have also substituted an estimate on the
gradients by certain Lipschitz condition, which makes sense without the
differentiability structure on the manifold as we had done in our previous
works. Our Theorem 7. 1 generalizes most of our previous results in this
direction with the exception of [ 31 , Theorem 2. 3]. We have striven to give
as many proofs as possible, partly for the sake of completion and partly
because the results were not stated earlier in exactly the same form as

needed here. In Appendix A , we give a short proof of the fact that the

Gaussian upper bound for the heat kernel holds for arbitrary smooth,
compact, connected manifolds. We could not find a reference for this fact. In

Appendix B , we state the main probability theory estimates that are used

ubiquitously in the paper.

2. Motivating Examples

In this paper, we aim to develop a unifying theory applicable to a variety of
kernels and domains. In this section, we describe some examples which have
motivated the abstract theory to be presented in the rest of the paper. In the

following examples, g = 1 is a fixed integer.

Example 2. 1. Let ???? 9= R 9/(2nZ 9) be the g -dimensional torus. The
distance between pointsx=( x1, -, Xg) andy=( y1, -, ¥ g) is defined by

maxl=s=k=q|(xk-yk)mod2m|.Thetrigonometric monomial system

{exp( ik O): k&€ Z 9} is orthonormal with respect to the Lebesgue measure
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normalized to be a probability measure on ???? 9. We recall that the

periodization of a function f: R 9> R is defined formally by fO (x ) =3 k €

Zqf(x+2kmn).When fis integrable then the Fourier transform of fatke

Z 9is the same as thek-th Fourier coefficient of f© . This Fourier coefficient
will be denoted by fO ~ (k) =f ~ (k) . A periodic basis function network
hastheformxm»>k=1nak G (x-xk), where Gis a periodic function
called the activation function. The examples of the activation functions in

which we are interested in this paper include:

1. Periodization of the Gaussian.

G(x)=>k€eZgexp(-|x-2nk|22/2),G"(k)=(2n)q/2exp(-

1k]122/2).

2. Periodization of the Hardy multiquadric 1 .

G(x)=>keZq(a2+|x-2nk|22)-1,G7(k)=n(g+1)/2T(q

+12)aexp(-alk|]2),a>0.010

Example 2. 2. If x=(x1,-,xq)€[-1,1]q, there exists a unique 6 = (
81,-,0q9)€[0,n]qgsuch thatx= cos(8). Therefore, [-1, 1] 9can be

thought of as a quotient space of ???? 9where all points of the form € © 6 =

{(€101,,€4904g)},e=(el,--,eq)e{-1,11}q, areidentified. Any

function on [—1, 1] 9 can then by lifted to ???? 9, and this lifting preserves all

the smoothness properties of the function. Our set-up below includes [—1, 1]

9, where the distance and the measure are defined via the mapping to the

torus, and suitably weighted Jacobi polynomials are considered to be the
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orthonormalized family of functions. In particular, if G is a periodic activation
function, x= cos( @), y=cos( ¢ ), thenthe function GO (x,y)=Yec€{-
1,1}9gG (o (6-¢))isan activation function on [—1, 1] 9with an
expansion> ke Z+qgbkTk(x)Tk(y), where Tk's are tensor product,
orthonormalized, Chebyshev polynomials. Furthermore, b k's have the same

asymptotic behavior as G © (k)'s. O

Example 2. 3. Let ????g={x€Rqg+1:|x|2=1} bethe unit spherein
R 9+1 . The dimension of ???? 9as a manifold is g . We assume the geodesic
distance p on ???? 9and the volume measure " are normalized to be a
probability measure. We refer the reader to Muller [ 33 ] for details,

describing here only the essentials to get a “ what-it-is-all-about”

introduction. The set of (equivalence classes) of restrictions of polynomials in

g + 1 variables with total degree < nto ???? 9are called spherical

polynomials of degree < n. The set of restrictions of homogeneous harmonic

polynomials of degree [ to ???? 9is denoted by H ; with dimension d ;. There
is an orthonormal basis { YZ,k } k=1 d [ for each H ; that satisfies an

addition formula
Sk=1d2YZ,k(x)YZ, k(y)=wq-1-1pl(1l)pl(x-y),

where w g -1 is the volume of ?77? 9 ~1 and pyis the degree [ ultraspherical

polynomial so that the family { p } is orthonormalized with respect to the

weight (1 — x2) (9=2/2on (-1, 1). A zonal function on the sphere has the
formx— G (x-y), where the activation function G:[-1, 1] = R has a formal

expansion of the form
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G(t)=wqg-1-13=00cG"(L)pLf(1)pL(t).

In particular, formally, G(x -y )=3>L=00G "~ (£)>k=1dLYLZ,k(x)Y
£,k (y).The examples of the activation functions in which we are

interested in this paper include

Gr(x):=(1-2rx+r2)-(qg-1)/2,x€[-1,1],0<r<1.

It is shown in Muller [ 33, Lemma 18] that

Gr~(2)=(g-1)wqg2f+q-1rt,1=1,2, .

GrE(x):=exp(rx),xe€[-1,1],r>0.

It is shown in Mhaskar et al. [ 34 , Lemma 5. 1] that

GrE~(L)=wqrf2ilr(L+g+12)(1+0(1/2)).

3. The smooth ReLU functionG(t)=1log(l+et)=t++0(e-|t]).
The function G has an analytic extension to the strip R + (—m, 1) /of the

complex plane. So, Bernstein approximation theorem [ 35 , Theorem 5. 4. 2]

can be used to show that
imsupl—->0 |G~ (L)|1/L=1/n.0O

Example 2. 4. Let 77?7 be a smooth, compact, connected Riemannian

manifold (without boundary), p be the geodesic distance on ????, u ™ be the
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Riemannian volume measure normalized to be a probability measure, {A «}
be the sequence of eigenvalues of the (negative) Laplace-Beltrami operator
on 7?7?77, and ¢ kbe the eigenfunction corresponding to the eigenvalue A «; in
particular, ¢ 0 = 1. This example, of course, includes Examples 2. 1-2. 3. An
eignet in this context hastheformx»>k=1nak G ( x, x k), where the
activation function G has a formal expansion of theform G (x,y)=>kb (A

k)dk(x)dk(y).One interesting example is the heat kernel:

Sk=0wexp(-Ak2t)dk(x)dk(y).

U

Example 2. 5. Let ???? = R 9, p be the £ ® norm on ????, u * be the Lebesgue
measure. For any multi-integer k € Z + q, the (multivariate) Hermite

function ¢ k is defined via the generating function

>keZ+qgqdk(x)2|k|lk!'wk=mn-1/4exp(-12|x-Ww|22+|w|

22/4),wECq.(2.1)

The system {¢ k } is orthonormal with respect to u ™, and satisfies

Adk(x)-|x|22dk(x)=-(2]k|1+1)dk(x),xERQ,

where A is the Laplacian operator. As a consequence of the so called Mehler

identity, one obtains [ 36 ] that

exp(-|x-32y|22)exp(-|y|22/4)=(32n)-q/23kEZ+ddk

(x)ok(y)3-|k|1/2.(2.2)
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A Gaussian network is a network of theformx»>k=1nak (-|x-zk|2

2 ), where it is convenient to think of zk =32y k. O

3. The Set-Up and Definitions
3. 1. Data Spaces

Let 7?77 be a connected, locally compact metric space with metric p. For r>

0, x € ?7???, we denote

7N (x,r)={ye??:.:p(x,y)=r},A(x,r)=closure (7?7?7777

(x,r)).

If K< ????and x &€ 77?7, we writeasusualp (K, x)=infyeKp(y,x).lIt

is convenient to denote the set

{xe???, (K x)=<r}by????( K r). The diameter of K'is defined by diam

(K)=supx,y€EKp(x,y).

For a Borel measure v on 77?7 (signed or positive), we denote by | v| its total

variation measure defined for Borel subsets K c 77?7 by
[v[(K)=supU3U€U|v(U)],

where the supremum is over all countable measurable partitions U of K. In
the sequel, the term measure will mean a signed or positive, complete,
sigma-finite, Borel measure. Terms, such as measurable will mean Borel
measurable. If 7:???? - R is measurable, K c 77?7 is measurable, and v is a

measure, we define 2_

Iflp,v.K={{[K[f(x)[pd|v][(x)}1/p,ifl=sp<w, |v]-
esssupxeK|f(x)],ifp=ow.
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The symbol L P (v, K) denotes the set of all measurable functions ffor which
| fll p,v, k< o, with the usual convention that two functions are considered
equal if they are equal | v|-almost everywhere on K. The set Co ( K) denotes
the set of all uniformly continuous functions on Kvanishing at «. In the case
when K= ??77?, we will omit the mention of K, unless it is necessary to

mention it to avoid confusion.

We fix a non-decreasing sequence { Ak} k=0 o ,withAg=0and AT «

as k - «. We also fix a positive sigma-finite Borel measure ™ on ????, and a
system of orthonormal functions { ¢k} k=00 c L1 (pu*,??2?2?2)nCO

(????),suchthat ¢ o( x) > 0 for all x € ????. We define

Mn=span{dk:Ak<n},n>0.(3.1)

It is convenientto write M p= {0} ifn=0andMow=Un>0M n. It will be

assumed in the sequel that M « is dense in Co (and, thus, inevery LP,1<p
< o). We will often refer to the elements of 1 » asdiffusion polynomialsin

keeping with [ 13 ].

Definition 3. 1. We will say that a sequence { a n} (or a function F :[0, ») =
R ) is fast decreasing iflimn - o nSan=0 (respectively, limx - o xS f
(x)=0)forevery S >0 .Asequence{ an} has polynomial growth if there
existci1,c2>0suchthat|an|=<clnc?2foralln=1, andsimilarly for

functions .
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Definition 3. 2. The space ??7? (more precisely, the tuple = = (77?7 ,p, 4 *,
{Ak}k=00w,{dk} k=0x))iscalled a data space if each of the

following conditions is satisfied .
1. Foreachx &€ ????, r> 0, ?2???( x, r) is compact .

2. ( Ball measure condition ) There exist g = 1 and k > 0 with the following

property: for each x € 77?7, r> 0,

X (2222 (x,r))=p*({ye?”???:p(x,y)<r})=skrq.(3.2)

(In particular, u* ({ y€2?2:p(x, y)=r})=0.)

3. ( Gaussian upper bound ) There existk 1, K 2 > 0 such that for all x, y

e, 0<t=s1,

|>k=0cexp(-Ak2t)dk(x)dk(y)|=klt-q/2exp(-k2p(X,y

)2t).(3.3)

4. ( Essential compactness ) For every n = 1, there exists a compact set 7?77
n € ???7? such that the function nw diam (??7?? n) has polynomial growth,

while the functions

are both fast decreasing. (Necessarily , n » u* (72?7 n ) has polynomial

growth as well.)
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Remark 3. 1. We assume without loss of generality that ???? < ???? i for all

n<mandthatu*(???2?271)>0. O

Remark 3. 2. If 7?77 is compact, then the first condition as well as the

essential compactness condition are automatically satisfied. We may

take 7?27 n= 7?27 for all n. In this case, we will assume tacitly that u “is a

probability measure, and ¢ o = 1. O

Example 3. 1. (Manifold case) This example points out that our notion of data
space generalizes the set-ups in Examples 2. 1-2. 4. Let ??7?? be a smooth,

compact, connected Riemannian manifold (without boundary), p be the

geodesic distance on ????, 1" be the Riemannian volume measure
normalized to be a probability measure, {A « } be the sequence of
eigenvalues of the (negative) Laplace-Beltrami operator on 7?77, and ¢ «be
the eigenfunction corresponding to the eigenvalue A k; in particular, ¢ o = 1.
If the condition (3. 2) is satisfied, then ( ???? ,p,u*,{Ak}k=0x,{ ¢
k} k=0 «)is adata space. Of course, the assumption of essential

compactness is satisfied trivially (see Appendix B for the Gaussian upper

bound). O

Example 3. 2. (Hermite case) We illustrate how Example 2. 5 is included in
our definition of a data space. Accordingly, we assume the set-up as in that
example. Fora>0,letd k,a(x)=a-q/2dk(ax).WithAk=|k]|1,
thesystem=za=(Rqg,p,u*,{Ak},{dk,a})isadataspace. When a
= 1, we will omit its mention from the notation in this context. The first two
conditions are obvious. The Gaussian upper bound follows by the

multivariate Mehler identity [ 37 , Equation 4. 27]. The assumption of
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essential compactness is satisfied with ?7??? , = ?7???(0, cn ) for a suitable

constant ¢ (cf. [ 38 , Chapter 6]). O

In the rest of this paper, we assume 77?7 to be a data space. Different
theorems will require some additional assumptions, two of which we now
enumerate. Not every theorem will need all of these; we will state explicitly

which theorem uses which assumptions, apart from ???? being a data space.

The first of these deals with the product of two diffusion polynomials. We do
not know of any situation where it is not satisfied but are not able to prove it

in general.

Definition 3. 3. ( Product assumption ) There exists A™ = 1 and a family { R

j,k,nEMNA*n} such that for every S > 0,

Iimn->onS(maxAk,Aj<n,p=1,0||dkdj-Rj,k,nd0||p)=0.

(3.4)

We say that an strong product assumption is satisfied if, instead of (3. 4), we

have foreveryn>0andP, Q€N p,PQETlNA*nNn.

Example 3. 3. In the setting of Example 3. 2, if P, Q€ I n, then PQ = R¢ o for
some R€ 2 n. So, the product assumption holds trivially. The strong
product assumption does not hold. However, if P, Q&€ I 5, then P Q € span {
dk,2:Ak<n2}.The manifold case is discussed below in Remark 3. 3.

O

Remark 3. 3. One of the referees of our paper has pointed out three recent

references [ 39 - 41 ], on the subject of the product assumption. The first
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two of these deal with the manifold case (Example 3. 1). The paper [ 41 ]
extends the results in Lu et al. [ 40 ] to the case when the functions ¢ xare
eigenfunctions of a more general elliptic operator. Since the results in these
two papers are similar qualitatively, we will comment on Lu et al. [ 40 ] and

Steinerberger [ 39 ].

In this remark only, let Kt (x,y)=>kexp(-Ak2t)dk(x)dk(y). Let

Ak, A j< n.In Steinerberger [ 39 ], Steinerberger relates £ an(2, ¢ k¢ ;)

[see (3. 6) below for definition] with

[J?7222Kt(O,y)(ok(y)-ok(O))(dj(y)-¢j(O))du*(y)]|2,

Tha

While this gives some insight into the product assumption, the results are
inconclusive about the product assumption as stated. Also, it is hard to verify
whether the conditions mentioned in the paper are satisfied for a given

manifold.

In Lu et al. [ 40 ], it is shown that for any €, 6 > 0, there exists a subspace V
of dimensionOd&(e€e-dn1l1l+06)suchthatforalld«, ¢, €Mn,inNfPEV| P

k¢j-PJ|2,u*=<e€.The subspace Vdoes not have to be N anforany A.
Since the dimension of span {¢ k¢ ;} is O(n 2)), the result is meaningful

onlyif0<6<1lande = nl-1/0,

In Geller and Pesenson [ 42 , Theorem 6. 1], it is shown that the strong
product assumption (and, thus, also the product assumption) holds in the
manifold case when the manifold is a compact homogeneous manifold. We

have extended this theorem in Filbir and Mhaskar [ 17 , Theorem A. 1] for
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the case of eigenfunctions of general elliptic partial differential operators on
arbitrary compact, smooth manifolds provided that the coefficient functions

in the operator satisfy some technical conditions. O

In our results in section 4, we will need the following condition, which serves

the purpose of gradient in many of our earlier theorems on manifolds.

Definition 3. 4. We say that the system = satisfies Bernstein-Lipschitz

condition if for every n > 0 , there exists B n> 0 such that

|[P(x)-P(y)|=Bnp(x,y)[|P[]e,x,yEe????,PENn.(3.5)

Remark 3. 4. Both in the manifold case and the Hermite case, B n = cn for
some constant ¢ > 0. A proof in the Hermite case can be found in Mhaskar [

43 ] and in the manifold case in Filbir and Mhaskar [ 44 ]. OJ

3. 2. Smoothness Classes
We define next the smoothness classes of interest here.

Definition 3. 5. A function w :??7??7 - R will be called a weight function ifw ¢ k

e€CO(???2?2)nL1(????) forall k. If wis a weight function, we define

En(w;p,f)=minPeln||f-Pw|p,p*,n>0,1sp=sw,fELp

(?2?27272).(3.6)

We will omit the mention of wif w=1 on ???7.

We find it convenient to denote by XPthe space { fE Lp (????):limn -

En(p,f)=0};ie, XP=LP(M???)ifl=sp<owandXwo=CO0(7?7??2?7).
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Definition 3. 6. Letl = p< «,y > 0, and w be a weight function .

(a) For f€ LP(?2???), we define

[flWy,p,w=|[fllp,u*+supn>0nyEn(w;p,f),(3.7)

and note that

[flIWy.,p,w~|[fllp,u*+supnE€Z+2nyE2n(w;p,f).(3.8)

The space W y, p, wcomprises all f for which || f|| wy, p, w < ®.

(b) We writeCw 0o =NYy>0WYy, o ,w./fBisaballin????, Cw o (B)

comprises functions inf € C w o , which are supported on B .

(c) If xo&€ 77?7, the space Wy, p, w( x0) comprises functions f such that
there exists r > 0 with the property that, for every ¢ € Cw o (72?2 (x 0,

r)),d)fE Wy,p,w.

Remark 3. 5. In both the manifold case and the Hermite case,
characterizations of the smoothness classes Wy, p are available in terms of
constructive properties of the functions, such as the number of derivatives,

estimates on certain moduli of smoothness or K -functionals, etc. In

particular, the class C ® coincides with the class of infinitely differentiable

functions vanishing at infinity. O

We can now state another assumption that will be needed in studying local

approximation.
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Definition 3. 7. ( Partition of unity ) For every r > 0, there exists a countable

familyFr= {yk, r} k=0 « of functions in C* with the following

properties:

1. Eachy k ,r € Fris supported on????( x k, r) for some x k&€ 7?77.

2. Foreveryyk,reFrandxe?7???, 0=y r(x)=<1.

3. For every x € 77?7, there exists a finite subsetF r ( x ) € F r such that

Syuk, refFr(x)yk,r(y)=1,ye????(x,r).(3.9)

We note some obvious observations about the partition of unity without the

simple proof.

Proposition 3. 1. Let r> 0, F r be a partition of unity .

(a) Necessarily, > wk,reFr(x)yk, rissupported on????( x,3r).

(b) Forxe?7??7?,>yk, reFryk,r(x)=1.

The constant convention /n the sequel, ¢, c1, -+ will denote generic positive
constants depending only on the fixed quantities under discussion, such as
=, q,K K1, K2, the various smoothness parameters, and the filters to be
introduced. Their value may be different at different occurrences, even

within a single formula. The notation A~ B meansc1 A< B= c2A. [J

We end this section by defining a kernel that plays a central role in this

theory.

Let H:[0, ») » R be a compactly supported function. In the sequel, we define
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ON(H;:;x,y)=Sk=0w0H(Ak/N)dk(x)dok(y),N>0,x,y¢E????

.(3.10)

If S= 1 is an integer, and His S times continuously differentiable, we

introduce the notation

[IH]|S:=max0=k=Smaxx€R|H(k)(x)].

The following proposition recalls an important property of these kernels.
Proposition 3. 2 is proven in Maggioni and Mhaskar [ 13 ] and more recently

in much greater generality in Mhaskar [ 45 , Theorem 4. 3].

Proposition 3. 2. Let S > g be an integer, H: R - R be an even, S times
continuously differentiable, compactly supported function. Then, for every x,

yEe 7?7, N> 0,
|®N(H;x,y)|=cNgqg||H|][[Smax(1,(Np(x,y))S).(3.11)

In the sequel, let h: R - [0, 1] be a fixed, infinitely differentiable, even
function, non-increasing on [0, =), with A(t)=1if|t|=1/2and h(t) =0

if t= 1. If vis any measure with a bounded total variation on ????, we define
on(v,h;f)(x)=[722?20n(h;x,y)f(y)dv(y).(3.12)

We will omit the mention of hin the notations; e. g., write ® h( x, y) = ® n(

h; x, y), and the mention of vifv = ,u*. In particular,

on(f)(x)=Yk=0co0h(Akn)f~(k)dk(x),n>0,xe????,felLl

(?2?222)+CO(7???2?72),(3.13)
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whereforf& L1 + CO0O, we write

fr(k)=[?2272f(y)ok(y)du*(y)(3.14)

3. 3. Measures

In this section, we describe the terminology involving measures.
Definition 3. 8. Let d = 0 . A measurev € M will be called d - regular if
[v ] (2?2?22 (x,r))=sc(r+d)qg,x€????.(3.15)

The infimum of all constants c that work in (3. 15) will be denoted by ||| v|||

R, d, and the class of all d-regular measures will be denoted by R d .

For example, u " itselfis in Rowith || | * ||| R, 0 < k [cf. (3. 2)]. More

generally, if w € Co (????) then the measure wdu “is Rowith || [u* || |R, 0

sKwl e, p*.

Definition 3. 9. (a) A sequence {v n} of measures on ???? is called an
admissible quadrature measure sequence if the sequence {| v n|(????)} has

polynomial growth and
[7?2272Pdvn=[?7?22?Pdp*,PElNn,n=1.(3.16)

(b) A sequence {v n} of measures on ???? is called an admissible product
quadrature measure sequence if the sequence {| v n|(????)} has polynomial

growth and

[777?2P1P2dvn=[[7?7?P1P2dpu*,P1,P2€n,n=1.(3.17)
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(c) By abuse of terminology, we will say that a measure v nis an admissible
quadrature measure (respectively, an admissible product quadrature
measure ) of order nif| v n | = c 1 n c (with constants independent of n) and

(3. 16) [respectively, (3. 17)] holds .

In the case when 7?77 is compact, a well-known theorem called Tchakaloff's

theorem [ 46 , Exercise 2. 5. 8, p. 100] shows the existence of admissible

product quadrature measures (even finitely supported probability measures).
However, in order to construct such measures, it is much easier to prove the
existence of admissible quadrature measures, as we will do in Theorem 7. 1,
and then use one of the product assumptions to derive admissible product

quadrature measures.

Example 3. 4. In the manifold case, let the strong product assumption hold
asin Remark 3. 3. If n= 1 and C c ???? is a finite subset satisfying the
assumptions of Theorem 7. 1, then the theorem asserts the existence of an
admissible quadrature measure supported on C . If {v 5 } is an admissible
quadrature measure sequence, then { v A* n } is an admissible product
quadrature measure sequence. In particular, there exist finitely supported

admissible product quadrature measures of order n for every n= 1. H

Example 3. 5. We consider the Hermite case as in Example 3. 2. For every a

> 0and n= 1, Theorem 7. 1 applied with the system = 5 yields admissible
guadrature measures of order n supported on finite subsets of R 9 (in fact, of

[— cn, cn] 9for an appropriate ¢ ). In particular, an admissible quadrature
measure of order n 2 for = 2 is an admissible product quadrature measure of
order nforz =z 1. O

https://assignbuster.com/kernel-based-analysis-of-massive-data/



Kernel-based analysis of massive data - Paper Example Page 24

3. 4. Eignets

The notion of an eignet defined below is a generalization of the various

kernels described in the examples in section 2.

Definition 3. 10. A function b :[0, «) — (0, «) /s called a smooth mask if b is
non-increasing, and there exists B* = B* ( b) = 1 such that the mapping t
b(B* t) b(t)isfast decreasing. A function G :?7?? x ?7??? - R js called a
smooth kernel if there exists a measurable function W= W ( G) :?7??? > R

such that we have a formal expansion (with a smooth mask b)
W(y)G(x,y)=Ykb(Ak)dk(x)dk(y),x,ye????.(3.18)

Ifm=1is an integer, an eignet with m neurons is a function of the form x v

Sk=1makG(x,yk) foryre& ????.

Example 3. 6. In the manifold case, the notion of eignet includes all the
examples stated in section 2 with W = 1, except for the example of smooth

ReLU function described in Example 2. 3. In the Hermite case, (2. 2) shows

that the kernel G (x,y ) =exp(-|x-32y|22)definedonR9x R %is a
smooth kernel, with Ak =| k|1, d kasin Example 2. 5,andb (t)=(32mn) -

q/23-t/2.Thefunction WhereisW(y)=exp(-|y|22/4). O

Remark 3. 6. It is possible to relax the conditions on the mask in Definition 3.
10. Firstly, the condition that b should be non-increasing is made only to
simplify our proofs. It is not difficult to modify them without this assumption.
Secondly, let bo:[0, ©) » R satisfy | bo(t)| = b1(t) fora smooth mask b1
as stipulated in that definition. The function b2 = b+ 2 b 1is then a smooth
mask andsoisbi1.letGj(x,y)=>k=00bj(Ak)dk(x)dk(y),/
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=0,1,2.Then Go(x,¥y)=G2(x, y)—2G1(x y). Therefore, all of the
results in sections 4 and 8 can be applied once with G 2 and once with G 1 to
obtain a corresponding result for G o with different constants. For this reason,
we will simplify our presentation by assuming the apparently restrictive
conditions stipulated in Definition 3. 10. In particular, this includes the

example of the smooth ReLU network described in Example 2. 3. ]

Definition 3. 11. Letv be a measure on ???? (signed or having bounded

variation), and G € Co (?7?? x ????) . We define

DG, n(x,y)=2k=00o0h(Ak/n)b(Ak)-1¢ok(x)pk(y),n=1,x

Yy €2?77,(3.19)

and

7?7?7n(v;x,y)=[7??7G(x,z)W(z)DG,n(z,y)dv(z).(3.20)

Remark 3. 7. Typically, we will use an approximate product quadrature
measure sequence in place of the measure v, where each of the measures in
the sequence is finitely supported, to construct a sequence of networks. In
the case when 7?7?77 is compact, Tchakaloff's theorem shows that there exists
an approximate product quadrature measure of order m supported on ( dim (
Mm)+ 1) 2 points. Using this measure in place of v, one obtains a pre-
fabricated eignet 7?77 5 (v) with (dim (M m ) + 1) 2 neurons. However, this
is not an actual construction. In the presence of the product assumption,
Theorem 7. 1 leads to the pre-fabricated networks ???? nin a constructive

manner with the number of neurons as stipulated in that theorem. O
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4. Main Results

In this section, we assume the Bernstein-Lipschitz condition (Definition 3. 4)

in all the theorems. We note that the measure u * may not be a probability
measure. Therefore, we take the help of an auxiliary function fo to define a

probability measure as follows. Let fo € Co (????), fo= 0 for all x € 7777,

and d v * = f 0d u* be a probability measure. Necessarily, v * is 0-regular,
andk:|||[v*||R,0<sk]|fO]| «,pu*.Weassume noisy data of the form (

y, €), with a joint probability distribution T defined for Borel subsets of 7?7?77

x Q for some measure space Q, and with v * being the marginal distribution
of y with respectto t. Let F(y, € ) be a random variable following the law T,

and denote
f(y)=2?7?Tt(F(y,e)|y).(4.1)

It is easy to verify using Fubini's theorem that if F is integrable with respect

to T, then, for any x € 7777,

772 T(F(y,e)0n(x,y))=on(v*;f)(x):=[2222f(y)dn(x,

y)dv*(y).(4.2)

Let Ybe a random sample from T, and {v » } be an admissible product

quadrature sequence in the sense of Definition 3. 9. We define [cf. (3. 20)]

Gn(Y;F)(x)=Gn(vB*n,Y;F)(x)=1|Y|X(y,e)EYF(y,

€)M???n(vB*n;x,y), x€???,n=1,2,-,(4.3)

where B *is as in Definition 3. 10.
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Remark 4. 1. We note that the networks ???? ,are prefabricated
independently of the data. The network G n therefore has only | Y| terms

depending upon the data. O

Our first theorem describes local function recovery using local sampling. We
may interpret it in the spirit of distributed learning as in Chui et al. [ 24 ] and

Lin et al. [ 26 ], where we are taking a linear combination of pre-fabricated

networks ??7? nusing the function values themselves as the coefficients. The
networks ??7? nhave essentially the same localization property as the

kernels ® , (cf. Theorem 8. 2).

Theorem 4. 1. Let xo € ?7??? and r > 0. We assume the partition of unity and

find a function y € C~ supported on ????( xo, 3 r), which is equal to 1 on
U xo0,r), M =[MNNydu*,andletfo=yw/??7?,dv*=f0dpu*. We
assume the rest of the set-up as described. If fofe Wy, », then for0 < 6 <

l,and|Y|=zcnq+2yrqglog(nBn/d),

Probt({[m|Y|3S(y,€e)EYF(y,e)????n(vB*n;°,y)—f[oew,p*

, 7?7?22 (x0,r)=c3n—-v})=<5b6.(4.4)

Remark 4. 2. If { y1, -, y M} is a random sample from some probability
measure supported on ????,s=>/=1Mf0(y ), and we construct a sub-
sample using the distribution that associates the mass fo ( yj)/s with each y
j» then the probability of selecting points outside of the support of fois 0.
This leads to a sub-sample Y.IfM=cnq+2vylog(nBn/®d), then the
Chernoff bound, Proposition B. 1(b), can be used to show that | Y| is large, as

stipulated in Theorem 4. 1. O
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Next, we state two inverse theorems. Our first theorem obtains accuracy on

the estimation of the density o using eignets instead of positive kernels.

Theorem 4. 2. With the set-up as in Theorem 8. 3, lety >0, fo € Wy, », and

|Y|=[|[fO||]o,u*ng+2ylog(nBnd).

Then, withF =1,

Probt({||[1]Y|>(y,e)eY????n(vB*n;o,y)-fO]]o=c3n-

Yy})=95.(4.5)

Remark 4. 3. Unlike density estimation using positive kernels, there is no

inherent limit on the accuracy predicted by (4. 5) on the estimation of fo.

O

The following theorem gives a complete characterization of the local
smoothness classes using eignets. In particular, Part (b) of the following
theorem gives a solution to the inverse problem of determining what
smoothness class the target function belongs to near each point of 7?2?77, In
theory, this leads to adata-based detectionof singularities and sparsity
analogous to what is assumed in Chui et al. [ 24 ] but in @ much more

general setting.

Theorem 4. 3. Letfo&E Co (??7?), fo(x)=0forall x € 7?72, anddv *=f0
d u * be a probability measure, T, F, and let f be as described above. We
assume the partition of unity and the product assumption. LetS =q + 2, 0 <

Yy=5 x0€ 77?2, 0<06<1. Foreachj= 0, suppose that Y jis a random
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sample from twith|Yj|=2c12j(q+2S)|J/v*|/R,0log(c22jB2

Jj/ 6 ). Then with t-probability = 1 — 6,
(a)Iffofe Wy, ( xo0) then there exists a ball ?77? centered at x o such that
supj=12jyG2j(Yj;F)-G2j-1(Yj;F)lo,pu*,???7?<o.(4.6)

(b) If there exists a ball ???? centered at x o for which (4. 6) holds, then fo f

€ Wy, «,60(Xx0).

S. Preparatory Results

We prove a lower bound on ,u* (??2?2?2(x, r))forxe????and 0 < r=1 (cf. [

471]).
Proposition 5. 1. We have
M*¥(?2??2?(x,r))=crq,0<r=1,x€????.(5.1)

In order to prove the proposition, we recall a lemma, proved in Mhaskar [ 14

, Proposition 5. 1].

Lemma 5. 1. LetvEeE Rg, N> 0. Ifg1:[0, ») - [0, ©) is @ non-increasing

function, then, forany N> 0, r> 0, x € ?777?,

Ngq[A(x,r)gl(Np(x,y))d|v|(y)=c2qg(l+(d/r)gq)gql-2-

ql|vlI|R,dfrN/2wgl(u)uqg-1du.(5.2)
P ROOF OF P ROPOSITION 5. 1.

Let x € ?77?, r> 0 be fixed in this proof, although the constants will not

depend upon these. In this proof, we write
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Kt(x,y)=Yk=0wexp(-Ak2t)dk(x)Pk(
The Gaussian upper bound (3. 3) shows that for t > 0,

JA(x,r)|Kt(x,y)|dpu*(y)=klt-q/2[A(x,r)exp(-K2p(Xx

y)2/t)du*(y).(5.3)

Using Lemma 5. 1 with d=0, dv=du™,gl(u)=exp(-u2),N=k2/t,

we obtainforr2/t=(q-2)/K2:

JA(x,r)|Kt(x,y)|du*(y)=sc[Nr/2ouqg-1lexp(-u2)du=c
1[(Nr/2)2xouq/2-1le-udu=sc2(r2/t)(q-2)/2exp(-k2r2/

(4t)).(5.4)
Therefore, denoting in this proof only that Kk 0 = ||¢ 0 | » , we obtain that

1=[2777?2Kt( )OO (y)dpu*(y)=s=kO0[ 7277 |Kt(x,y)|du*(y)
SKOK2t—q/2p*(?2??2?2(x,r))+c3(r2/t)(g—2)/2exp(—kK2r

2/(4t).(5.5)

We now choose t ~ r2sothatc3(r2/t)(q-2)/2exp(-k3r2/(4t))

=< 1/2toobtain (5.1)forr=ca.The estimate is clear forca< r= 1. O

Next, we prove some results about the system {¢ «}.

Lemma 5. 2. Forn=1, we have

SAk<nok(x)2=cnqg,x€e????.(5.6)

and
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dim(Mn)=scnqu*(??2?2?2n).(5.7)

In particular, the function nw dim (N ») has polynomial growth .

P ROOF . The Gaussian upper bound with x = yimplies that

Sk=0cwexp(-Ak2t)dk(x)2=ct-q/2,0<t=s1l,x€????.

The estimate (5. 6) follows from a Tauberian theorem [ 44 , Proposition 4. 1].

The essential compactness now shows that for any R > 0,

[7?772KnYAk<nok(x)2dp*(x)=s{supxe????Kn>Ak<ndk

(x)23}31/2[7?77?7Kn(XAk<nok(x)2)1l/2dp*(x)=cn-R.

In particular,

dim(Mn)=[2222SAk<ndk(x)2du*(x)=[2?22?2nSAk<nodk

(x)2du*(x)+cn-R=scngu*(????27n).

O

Next, we prove some properties of the operators o »,and diffusion
polynomials. The following proposition follows easily from Lemma 5. 1 and

Proposition 3. 2. (cf. [ 14, 48 ]).

Proposition 5. 2. Let S, H be as in Proposition 3. 2, d > 0,v &€ R d, and x

€ 7777,

(a)Ifr=1/ N, then
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JA(X,r)|]ON(H;x,y)|[d|[v|[(y)=c(1+(dN)qg)(rN)-S+q]|

VIR, d[[H]|S.(5.8)

(b) We have

J2222|ON(H;x,y)|[d|v|(y)sc(l+(dN)g)|Iv[IIR,d||HIIS
,(5.9)ON(H;x,0)[[v;??2?22,p<cNqg/p (1+(dN)qg)l/p]||v]

IR, d1/pf|H]IS,(5.10)

and

[[?222|®N(H;-,y)|d|v|[(y)|p=c(l+(dN)g)1l/p ||vIIR,

d1l/p (|v](??2?2?2))1/p|||H|IS.(5. 11)

The following lemma is well-known; a proof is given in Mhaskar [ 15 , Lemma

5. 3].

Lemma 5. 3. Let(Q 1, V), (Q 2, T) be sigma-finite measure spaces ,V : Q1 X

Q2- R bev x t- integrable ,

Mow:=v-esssupxeQl[Q2|V(x,y)|dT(y)<o,Ml:=T-es

ssupy€eQ2/Ql1|W(x,y)|dv(x)<w,(5.12)

and formally, for T-measurable functions f: Q 2 = R,

T(f,x):=[/Q2f(y)W(x,y)dTt(y), x€Ql.

Lletl=p=sow.lffELp(T;Q2)thenT(f, x) is defined for v-almost all x

e€Q1, and
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ITfv;Ql,p=M11/pMol/p |flT;Q2,p,.fELP(Q2,T).(5.

13)

Theorem 5. 1. Letn>0.IfP&E M np2, thenon(P)=P. Also, for any p with

lon(f)|p=c|flp,.fELp.(5. 14)

Ifl<sp=<wx,andfE€ LP(????), then

En(p,f)<|f-on(f)|p,u*=<cEn/2(p,f).(5.15)

P ROOF . The fact that o n( P) = Pfor all PE I n 2 is verified easily using the

factthat h(t) =1for0 = t =< 1/2. Using (5. 9) with ,u* in place of | vl and O

in place of d, we see that
Sup X e [N |dn(x,y)|du*(y)=c.

The estimate (5. 14) follows using Lemma 5. 3. The estimate (5. 15) is now

routine to prove. O

Proposition 5. 3. Forn=1, PElNp,1 < p=< o, andS> 0, we have

P ROOF . In this proof, all constants will depend upon S . Using Schwarz

inequality and essential compactness, it is easy to deduce that
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Therefore, a use of Lemma 5. 3 shows that

We use Pin place of fto obtain (5. 16). O

Proposition 5. 4. Letn=1, PEMNp,0< p<r= ». Then

IPIr=cna(l/p-1/r)|Plp, IPIp=cu*(?2222n)1/p-1/r|P

Ir.(5.18)

P ROOF . The first part of (5. 18) is proved in Mhaskar [ 15, Lemma 5. 4]. In

that paper, the measure u *is assumed to be a probability measure, but this
assumption was not used in this proof. The second estimate follows easily

from Proposition 5. 3. OJ

Lemma5.4. LetR,n>0,P1,P2€MNnpn,1l=p,r,s=< w. Ifthe product

assumption holds, then
EA*n(¢O0;p,P1P2)=<cn-R|P1|r|P2]|s.(5 19)

P ROOF . In view of essential compactness, Proposition 5. 4 implies that for
any PEMNnp,l1<sr=sow,|P||2=<clnc]|P]|r.Therefore, using Schwarz

inequality, Parseval identity, and Lemma 5. 2, we conclude that
kP~ (k)| =(dim(Nn))1/2|P2=<clnc|P]|r.(5.20)

Now, the product assumption implies thatfor p=1, ©»,and Ak, Aj<n,

there exists Rj, k, n € 1 A * n such that for any R > 0,

lokdj-Rj,k,ndO0fp=cn-R-2c¢,(5.21)
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where cis the constant appearing in (5. 20). The convexity inequality
Iflp=fleel/p [fl11/p

shows that (5. 21) is valid forall p, 1 = p = «. So, using (5. 20), we conclude

that

IPLP2-Sk,jP1~(k)P2~(k)Rj,k,ndOfp=cn-R-2c(Sk|P

12 (k) (Zk[P27(k)[)=cn-R|P1[r|P2]s.

O

6. Local Approximation by Diffusion Polynomials
In the sequel, we write g(t)=h(t)—- h(2t), and

Tj(f)={ol(f),ifj=0,02j(f)—0c2j-1(Ff),ifj=1,2,-.(6.1)
We note that

Tj(f)(x)=02j(pu*,g;f)(x)=[?2722f(y)®2j(g;x,y)du*(y),

j=1,2,-.(6.2)
It is clear from Theorem 5. 1 thatforany p, 1 <= p < «,
f=>j=0Tj(f), fEXP,(6.3)

with convergence in the sense of L.

Theorem 6. 1. Let 1 sp <o, ¥y>0,fEXP, xoE ????2. We assume the

partition of unity and the product assumption .

(a) If ???? js a ball centered at x o, then
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supn=02ny|f-c2n(f)||p,u*,??2?2?2 ~supj=02jy||Tj(f)|lp.,u

*,2?777.(6.4)

(b) If there exists a ball B centered at x o such that

supn=02ny|f-c2n(f)p,pu*,??2?2?2 ~supj=02jy|Tj(f)fp.u

¥, < ©,(6.5)

thenfe Wy, p,60( Xx0).

(c)If fe Wy, p( xo0), then there exists a ball 77?7 centered at x o such that

(6. 5) holds .

Remark 6. 1. In the manifold case (Example 3. 1), ¢ 0 = 1. So, the statements
(b) and (c) in Theorem 6. 1 provide necessary and sufficient conditions for f
€ Wy, p( xo0) in terms of the local rate of convergence of the globally
defined operator o n( f) and the growth of the local norms of the operators T
j, respectively In the Hermite case (Example 3. 2), it is shown in Mhaskar [
49 Jthat fe Wy, p,¢oifandonly if f€ Wy, p. Therefore, the statements (b)
and (c) in Theorem 6. 1 provide similar necessary and sufficient conditions

forfe Wy, p( x0) in this case as well. O

The proof of Theorem 6. 1 is routine, but we sketch a proof for the sake of

completeness.

P ROOF OF T HEOREM 6. 1.

Part (a) is easy to prove using the definitions.
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In the rest of this proof, we fix S>vy + g + 2. To prove part (b), letdp € C~

be supported on ?7???. Then there exists { Rn &€l 2 n} n=0 o such that

[6-Rnleoe=<c($)2-nS.(6.6)

Further, Lemma 5. 4 yields a sequence { Qn €M A* 2 n } such that

[Rno2n(f)-¢0Qn|p=c2-nS|Rn|eo||o2n(f)p=sc(d)2-n

SIflp.(6.7)

Hence,

EA*2n(¢0;p.fo)=|fd-00Qn|p=c(d)2-nS|fp+|fd-o0
2n(f)Rnfp=sc(¢)2-nS|fp+|(f-c2n(f))dp+[o2n(f)(
¢-Rn)fp=sc(d){2-nS|fp+[f-c2n(f)p,u*,?2?72+|0o2n

(f)Ipll¢-Rnfle}=sc(d)2-nS|flp+c(d,f)(A*2-n)y.

Thus, fo € Wy, p, ¢ o for every ¢ € C * supported on ????, and part (b) is

proved.

To prove part (c), we observe that there exists r> 0 such that forany ¢ € C
o (???2?7(x0,6r)), fp € Wy, p. Using partition of unity [cf. Proposition 3.
1(a)], wefindy € Co (72?2?72 (x0,6r))suchthaty( x) =1 forall x& ???77?(

X0,2r),and welet ??2?? =????( xo, r). In view of Proposition 3. 2, | ® 2 n (

=c(y,r)2-n(S-q)|fllp.(6.8)
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Recalling that y( x) = 1 for x&€ Band ???? — g =y + 2, we deduce that

[f-c2n(f)|p,p*, ??=|yf-02n(f)||p,u*,????=<|yf-02n
(wf)llp,u*,?2222+|o2n((1l-y)f)|pscE2n(yf)+c(y,r)2-

n(S'CI)||f||p5C(rr'~|J'f)2'nY-
This proves part (c). O

Let {W p: 77?27 X 2?27 - 7777} be a family of kernels (not necessarily
symmetric). With a slight abuse of notation, we define when possible, for any

measure v with bounded total variation on 7777,

o(v,WUn;f)(x)=72?2f(y)Wn(x,y)dv(y), xe????,felLl

(?2?222)4+CO(??2??),(6.9)
and

Tj(v,{¥Yn};f)={o(v,W1;f),ifj=0,0(v,V2j;f)-c(v,WVW2j-

1;f),ifj=1,2,-.(6.10)

As usual, we will omit the mention of v whenv = u*

Corollary 6. 1. Let the assumptions of Theorem 6. 1 hold, and {V n:7?77?
X 7?77?7 - 7777} be a sequence of kernels (not necessarily symmetric) with

the property that both of the following functions of n are decreasing rapidly .

supx €222 [ 7?72 |Wn(x,y)-On(x,y)|du*(y),supy € ????

27227 |1WUn(x,y)-®dn(x,y)|dup*(x).(6.11)

(a) If B is a ball centered at x o, then
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supn=02ny|f-c(¥W2n;f)||lp,pu*, 7?77 ~supj=02jy||Tj({WV

n};f)lp,pu*,?27??.(6.12)
(b) If there exists a ball B centered at x o such that

supn=02ny|f-c(¥W2n;f)||lp,pu*, 7?77 ~supj=02jy|Tj({WV

n};f)llp,u*,???? <o, (6.13)
thenf€ Wy, p,60( x0).

(c)Iffe Wy, p( xo), then there exists a ball B centered at x o such that (6.

13) holds .

P ROOF . In view of Lemma 5. 3, the assumption about the functions in (6. 11)

implies that |[o(W n; ) — 0 n( F)| pis decreasing rapidly. ]

7. Quadrature Formula

The purpose of this section is to prove the existence of admissible
quadrature measures in the general set-up as in this paper. The ideas are

mostly developed already in our earlier works [ 17 , 36,43 ,44 ,50,51 ]

but always require an estimate on the gradient of diffusion polynomials.

Here, we use the Bernstein-Lipschitz condition (Definition 3. 4) instead.

If C < ???? < 27?7 , we denote

6(K,C)=supxeKinfyeCp(x,y),n(C)=infx,yeC,x=#yp(x,

y).(7.1)
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If Kis compact, € > 0, a subset C c K is e-distinguishable if p( x, y) = € for
every X,y € C, x# y. The cardinality the maximal e-distinguishable subset

of Kwill be denoted by He ( K).

Remark 7. 1. If C1 < Cis a maximal 6 ( K, C) -distinguishable subset of C,

x # y,then itis easy to deduce that

6(K,C)=n(C1l)=206(K,C),8(K,C)=08(K,C1)=2086(K,C).

In particular, by replacing C by C 1, we can always assume that

(1/2)8(K,C)=n(C)=208(K,C).(7.2)

Theorem 7. 1. We assume the Bernstein-Lipschitz condition. Letn > 0, C 1 =

{z1,,zM} c ??2??2 n be a finite subset, € > 0.

(a) There exists a constant c (€) with the following property: if 6 ( 22?2?22 n, C
l)=sc(e)min(1/n,1/????2n), then there exist non-negative

numbers W g satisfying

O0=Wk=cd(?7?77?72n,Cl)q,2k=1MWk=scpu*(?2?222(??2?2?72n,453

(?2222n,C1))),(7.3)

such that for every P€ 1N p,

ISk=1MWK|P(zk)|-J??222|P(x)|dp*(x)|=e[????|P(x)]|d

u*(x).(7.4)

(b) Let the assumptions of part (a) be satisfied with € = 1/2. There exist real

numbers wi, -, wmsuchthat [ wig| <=2 Wk, k=1, ---, M, in particular,
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Sk=1M|wk|=cu*(2?222(2?2?2?22n,48(?7??7?22n,C1))),(7.5)
and
Sk=1MwkP(zk)=[?77?P(x)dp*(x),PENn.(7.6)

(c) Let 6 > 0, C 1 be a random sample from the probability law u ???? 2 n *

given by

M?2?227?22n*(B)=pu*(Bn?2?2222n)u*(??2?2?272n),

ande n=min(1/n, 1/ B2n). If
|[Cl|=zcen-qu*(??7?7?22n)log(p*(??2?2?2(??2??2n,en))benq),

then the statements (a) and (b) hold with u ?7?? 2 n * -probability exceeding

1-6.

In order to prove Theorem 7. 1, we first recall the following theorem [ 52,

Theorem 5. 1], applied to our context. The statement of Mhaskar [ 52,
Theorem 5. 1] seems to require that u *is a probability measure, but this fact

is not required in the proof. It is required only that ,u* (???2(x, r)) =cr9for0

<r=<1.

Theorem 7. 2. Let T be a positive measure supported on a compact subset of
7?77, € > 0, A be a maximal e-distinguishable subset of supp (t), and ??7??
=7?7??(A,2¢€).Therethen existsasubset CcAcsupp(T)anda

partition { Yy } y € C of ???? with each of the following properties .
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1. ( volume property ) Fory € C, Y, ?7???(y,18€), (K1 /K2)7-q€eq=
H*¥(Yy)=k2(18€¢)g,andTt(Yy)=(K1l/kK2)19-gminy€E€AT

(?2?2?22(y,€))>0.

2. ( density property ) n(C)=€¢,0(K,C)=18¢€.

3. ( intersection property ) Let K 1 € K be a compact subset. Then

|{yEC:YynK1l=0}|=(k22/k1)(133)gqHe(K1).

P ROOF OF T HEOREM 7. 1 (a), (b).

We observe first that it is enough to prove this theorem for sufficiently large
values of n. In view of Proposition 5. 3, we may choose n large enough so

that forany PE€ I p,

In this proof, we will write 5 =06 (7??7?72n,C1l)sothat????2nc?7???7(C1
,0).We use Theorem 7. 2 with T to be the measure associating the mass 1
with each element of C 1, and 6 in place of €. If A is a maximal 6-
distinguished subset of C 1, then we denote in this proof, ???? = ???? (A, 2
6 ) and observe that ????2 nc ?2??2?2 (C1,8)c2??2?2c???7?2(??7?72n,4

6 ) . We obtain a partition { Y } of ???? as in Theorem 7. 2. The volume
property implies that each Y ) contains at least one element of C1 . We
construct a subset C of C 1 by choosing exactly one element of Yy n C 1 for
each y. We may then re-index C 1 so that, without loss of generality, C = { z
l,-,zN} forsome N< M,andre-index{ Yy} as{ Yk}, sothatzk€ Yk

, k=1, -, N.To summarize, we haveasubset {z1,:-,zN} < C1,anda
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partition { Yk } k =1 N of ???? o ???? 2 psuch that each Yc ????( z «,

368) and u* (Y k)~ d&q. Inparticular (cf. (7. 7)), forany PE T p,
IPI1T-IPIL,u*, K=(e/3)[|P1.(7.8)
WenowletWk=p*(Yk), k=1, N,and Wk=0, k=N+1, -, M.
The next step is to prove that if 8 = c(e) min(1/ n, 1/ B2 n), then

supy €????3k=1N[Yk|®2n(zk,y)-®2n(x,y)|du*(x)=2c¢€

/3.(7.9)

In this part of the proof, the constants denoted by c1, c2, - will retain their
value until (7. 9) is proved. Let y € ?7??. We let r = 6 to be chosen later, and
write in this proof, N={ k:dist(y,Yk)<r},L={k:dist(y,Yk)=
rtandforj=0,1, -, Lj={k:2jr=dist(y,Yk)<2j+1r}.Sincer
=0, and each Y,c ????( zk, 368), there areat mostc 1 (r/d) q elements

in N . Using the Bernstein-Lipschitz condition and the factthat [ ®2n (°,y)

| »=c2nq, we deduce that

SkeEN[Yk|P2n(zk,y)-®d2n(x,y)|du*(x)=c3u*(Yk)nq
B2nd(r/d8)gq=c3u*(B(zk,3608))ngB2nd6(r/6)g=cd4(nr)

qB2n6.(7.10)

Next, since p* (Y k) ~ 6 g, we see that the number of elements in each L j

is ~ (2/7/9) g Using Proposition 3. 2 and the fact that S > g, we deduce that

if r=1/ n, then
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SkeL[Yk|®P2n(zk,y)-d2n(x,y)|dpup*(x)=3j=003keEL]
JYk|®2n(zk,y)-02n(x,y)|dpu*(x)=c5ng(nr)-S3>j=0w

2-jS{SKkELju*(Yk)}=c6(nr)g-S.(7.11)

Since S > g, we may choose r~e¢nsuchthatc6(nr)q-????<¢€¢/3, and
we then require 8 = min(r, c7(e)/ B2n) sothat,in(7.10),c4(nr)q????
2nd=€/3.Then (7.10) and (7. 11) lead to (7. 9). The proof of (7. 9) being

completed, we resume the constant convention as usual.

Next, we observe that forany P& I p,

P(x)=[7?7?2P(y)®2n(x,y)du*(y),xe????.

We therefore conclude, using (7. 9), that

|Sk=1Nu*(YK)|P(zk)|=[K|P(x)|dpu*(x)|=|3Zk=1NJYkK
([PCzk)[=[P(x)[)dp*(x)[=3k=1INJYk|P(zk)=P(x)|du
*(X)=Xk=1IN[YK|[[????P(y){®2n(zk,y)—®2n(x,y)}du
*(y)|du*(x)=s[?222?2|P(y)|{2k=1IN[JYk|®P2n(zk,y)—d2n

(X,y)|dp*(x)}Ydu*(y)=<(2e/3)[222?2|P(y)|du*(y).

Together with (7. 8), this leads to (7. 4). From the definition of Wk = p * (Y k
), k=1, N Wk=cdqg,and>Xk=1NWKk=pu*(??2?2?)=pu* (7?77
(????22n,406)).Since Wk=0if k= N+ 1, we have now proven (7. 3),

and we have thus completed the proof of part (a).

Having proved part (a), the proof of part (b) is by now a routine application

of the Hahn-Banach theorem [cf. [ 17, 44, 50, 51 ]]. We apply part (a) with

€ = 1/2. Continuing the notation in the proof of part (a), we then have
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(1/2)P1=3Sk=1NWk]|P(zk)|=<(3/2)|P|1,PENN.(T7.

12)

We now equip R Ywiththenorm ||| (al,--,aN)|[|=3k=1NWk|ak|
and consider the sampling operatorS: M n - R NgivenbyS(P)=(P(z1)
,,P(zN)), let Vbe the range of this operator, and define a linear
functional x * on Vbyx*(S(P))=[7??2?2?2Pdu*.The estimate (7. 12)
shows that the norm of this functional is = 2. The Hahn-Banach theorem

yields a norm-preserving extension ?2?? *of x “to R ¥, which, in turn, can be

identified withavector(w1l, -, wN)ERN.Wesetwik=0ifk=N+ 1.

Formula (7. 6) then expresses the fact that X " is an extension of x *. The
preservation of norms shows that | w| =2 Wkif k=1, .-, N, and it is clear
thatfor k= N+ 1, -, M, | wk| = 0 = W k. This completes the proof of part

(b). O

Part (c) of Theorem 7. 1 follows immediately from the first two parts and the

following lemma.

Lemma 7. 1. Let v * be a probability measure on 7?27?, 222? < supp (v ") be a
compact set. Lete, d € (0, 1], C be a maximal €/2-distinguished subset of K,

andve=minx&eCv*(???2?2(x,e€/2)).If
M=cve-llog(clpu*(????(K,e))/(deq)),
and { z1, -, zm} be random samples from the probability law v ™ then

Probv*({06(K,{z1l,+,zM})>€e})=<06.(7.13)
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PROOF.IfO(K,{z1, ", zm}) > €, then there exists at least one x € C such
that ?7??( x,€/2)n{ z1, -, zm} =D.Foreveryx € C,px=v* (7?2?72 (x,
€/2))=ve.We consider the random variable z;to be equal to 1 if z;

€ ??7??( x, €/2) and 0 otherwise. Using (B. 2) with t = 1, we see that

Prob (????(x,€/2)n{zl,,zM}=Q)=exp(—Mpx/2)=exp

(-=cMve).

Since |C|=clu*x(?7?2?7?(K,e))/eq,

Prob ({06(K,{zl,,zM})>€})=sclpu*(?2???(K,e))eqgexp(-c

Mve).

We set the right-hand side above to 6 and solve for Mto prove the lemma.

O

8. Proofs of the Results in Section 4

We assume the set-up as in section 4. Our first goal is to prove the following

theorem.

Theorem 8. 1. Let T, v ™, F, f be as described section 4. We assume the

Bernstein-Lipschitz condition. Let O < 6 <1. We assume furtherthat [F(y, €
)| =1forally € 77?7, € € Q. There exist constants c 1, ¢ 2, such that if M =
clnqgf/v*||/R,0log(cnBn/6),and {(y1,€1) - (ym, em)}isa

random sample from t, then

Probv*({|IMZj=1MF(yj,ej)o®n(O,yj)—on(v*;f)|w=c3
ngl[v*[[R,0log(cnBn||v*[[|R,0/86)M})=b]|v*[[R,O0.

(8.1)
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In order to prove this theorem, we record an observation. The following
lemma is an immediate corollary of the Bernstein-Lipschitz condition and

Proposition 5. 3.

Lemma 8. 1. Let the Bernstein-Lipschitz condition be satisfied. Then for
every n> 0 and € > 0, there exists a finite setCn, e < ???? 2 n such that |

Cn,e|=cBnqe-qu*(???2?2(??2??2n,€))andforany PETl p,
|[maxx€Cn,e|P(x)|-|P|le|=<€e|P|>.(8.2)

P ROOF OF T HEOREM 8. 1.

Let x € 7???7. We consider the random variables
Zj=F(yj,ej)on(x,yj),j=1, , M.

Then in view of (4. 2),?7???t(Zj)=0on(v*;f)(x)forevery,. Further,

Proposition 3. 2 shows that for each j, | Zj| < cnq. Using (5. 10) with v “in

place of v, N= n, d = 0, we see that for each J,

[777?7xQ|Zj|2dT=[?7?7??7|®dn(x,y)|2dv*(y)=cnqg]||v*||R,

0.

Therefore, Bernstein concentration inequality (B. 1) implies that for any t €

(0, 1),

Prob({|1MYj=1MF(yj,ej)®dn(x,yj)-on(v*;f)(x)|=t/

2})=2exp(-ct2Mnqg||v*||R,0);(8.3)
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We now note that Z;,on (v *; f)areallin ». Taking a finitesetCn,1/2
asinLemma 8.1,sothat|Cn,1/2|<=cBnqu*(??2?2?2(??2?2?22n,1/2))

=clncBnqg, we deduce that

maxxecCn,1/2|1M3j=1MF(yj,ej)on(x,yj)-an(v*;f)(x)

|=z(1/2)IMZj=1MF(yj,ej)®n(O,yj)-on(v*;f)] .

Then (8. 3) leads to

Prob ({|[IMIj=1MF(yj,ej)dn(x,yj)-on(v*;f)(x)]| o=

t})=sclBngncexp(-c2t2Mnqg|||v*||R,0).(8.4)

We set the right-hand side above equaltod /||| v * | | R, 0 and solve for tto

obtain (8. 1) (with different values of ¢, c1, c2). O

Before starting to prove results regarding eignets, we first record the
continuity and smoothness of a “ smooth kernel” G as defined in Definition 3.

10.

Proposition 8. 1. If G is a smooth kernel, then ( x, y)» W(y) G(x, y) isin
CO(?2?2?2x7272)n L1 (u*xX u*;?2?2?2? X ??2??) . Further, foranyp,l=<p

<o, andN\ =1,

SUpXEMN??[W(O)G(Xx,0)-Tk:Ak<Ab(Ak)dk(x)dk(O)]|p

=clAcb(A).(8.5)

In particular, for every x, y € 1?2?77, W(O) G(x,Q)and W(y) G(O, y) are

inC®.
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P ROOF . Let b be the smooth mask correspondingto G. Forany S=1, b( n)
<cn~Sb(n/B")<cn~°b(0). Thus, bitself is decreasing rapidly. Next,
let r > 0. Then remembering that B" = 1 and b is non-increasing, we obtain

thatfor >0, b(B*Au)=c(Au)~5"""1p(Au), and

JANotrb(t)dt=(B*A)r+1[1/B*ocurb(B*Au)du=scA-5S]
1/B*ou—-S—-1b(Au)du=scA=-S[lou—-S—-1b(Au)du=scA

—Sb(A).(8.6)

In this proof, lets (t) =Y k:Ak<tok(x)2,sothats(t)=ct9,t=1.If
N\ = 1, then, integrating by parts, we deduce (remembering that b is non-

increasing) that for any x € 7777,

Sk:Ak=Ab(Ak)pk(x)2=[ANob(t)ds(t)==b(A)s(A)=[A
os(t)db(t)=scl{Agb(A)—-JAotgdb(t)}=sc2{Agb(A)+

JANotq—-—1b(t)dt}=c3Agb(A).(8.7)
Using Schwarz inequality, we conclude that

supx,yE???2?3k:Ak=Ab(Ak)|dk(x)dk(y)|=c3Agb(A).

(8.8)

In particular, since b is fast decreasing, W (Q) G( x, Q) € Co(??7??) (and in
fact, W(y)G(x, y) &€ Co(???7? x ??227)) and (8. 5) holds with p = «. Next,
for any j = 0, essential compactness implies that

du*(y)=cA-S-qb(2jA)1/2.
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So, there exists r= g such that

[2222 (Sk:AKE[2jA,2j+1A)b(Ak)dk(y)2)1l/2du*(y)=
[22222j+ LA(SKk:AKE[2]A,2j+1A)b(Ak)dk(y)2)1l/2dp*
(y)+CcA=S—qb(2jA)1/2=<c((2jA)gb(2jA))1/2u* (2?7222

JHIAN)=c((2jA)rb(2jN))1/2.

Hence, for any x € 7777,

J27275 ki Ak=Ab(AK)[ok(x)pk(y)[du*(y)=3]j=0x 72?773
K:AKEL2jA,2j+1A)b(AK)|dk(x)dk(y)|du*(y)=3j=0w
{SK:AKE[2JA,2j+1A)b(Ak)dk(x)2}1/2[?2?2?2?2 (3T k:AKE

[2jA,2]+1AN)b(Ak)dk(y)2)1/2du*(y)=cyj=00o(2jA)r
b(2jA)=c3j=00[2j-1A2jAtr-1b(t)dt=cfA/2etr-1b(t

)dt=cA-Sb(A).(8.9)

This shows that

supx €222 | Sk:Ak=Ab(Ak)|[dk(x)dk(O)||L1=cA-Sb(A).(

8.10)

In view of the convexity inequality,

Iflp=lfllel-1/p[fl1l/p,1<p<c,

(8. 8) and (8. 10) lead to

supx €7?2?2?7 [ Sk:Ak=Ab(Ak)|dk(x)dk(O)|[p=clAcb(A),

l=p=sow.
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In turn, this implies that WG ( x, O) € L Pfor all x € 7?27, and (8. 5) holds.

O

A fundamental fact that relates the kernels ® ,and the pre-fabricated

eignets ??7?? p's is the following theorem.

Theorem 8. 2. Let G be a smooth kernel and {v n} be an admissible product

quadrature measure sequence. Then, for 1 = p < o,

{supxe??2? | ?7?7?7?2?n(vB*n;x,0)-®dn(x,0)|p}

is fast decreasing. In particular, for every S > 0

[ ?7?2?7?2n(vB*n;x,y)|=c(S){ngmax(1l,(Np(x,y))S)+n—-2S

}.(8.11)

P ROOF . Let x € ??7?7?. In this proof, we define Phn=Pn xbyPn(z)=3k: A
k<B*nb(Ak)dk(x)dk(z),z€????, andnotethatPn&€lNnB*n.In
view of Proposition 8. 1, the expansion in (3. 18) converges in C 0 ( 77?7
X222?2)nL1l(u*x pu*,;?2??2? x 77?7 ), so that term-by-term integration

can be made to deduce that for y € 77?77,

[7?77?7°G(x,z)W(z)DG,n(z,y)du*(z)=]777?Pn(z)DG,n(z,
y)du*(z)+>Xk:Ak=2B*nb(Ak)dk(x)[?7???dk(z)DG,n(z,

y)du*(z).

By definition, DG, n( O,y ) €l nq, and, hence, each of the summands in
the last expression above is equal to 0. Therefore, recalling that h (A k/ n) =

Oif A k> n, we obtain
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[7?7727G(x,z)W(z)DG,n(z,y)du*(z)=[7?7?Pn(z)DG,n(z
y)du*(z)=3k:Ak<B*nb(Ak)dk(x)[????dk(z)DG,n(z,
y)du*(z)=3k:Ak<B*nb( ) o Kk ( (Ak/n)b(Ak)-1¢k

(y)=2kh(Ak/n)dk(x)dok(y)=dn(x,y).(8.12)

SinceDG,n(z,0)eNnclB*n,andv ???? *nis an admissible

product quadrature measure of order B ™ n, this implies that
On(x,y)=[7?7?Pn(z)DG,n(z,y)dvB*n(z),ye????.(8.13)
Therefore, for y € 7?77,

7?27?n(vB*n;x,y)-on(x,y)=[77?"7?{W(z)G(x,z)-Pn(z)}D

G,n(z,y)dvB*n(z).

Using Proposition 8. 1 (used with A = B™ n) and the factthat { |[vB *n |

(77?7 ) } has polynomial growth, we deduce that

2222 n(vB*n;x,0)-®n(x,0)|lp=s|vB*n|(?2?2?2?2) X |W(O) G (
X,0)-Pn||oosupze????||DG,n(z,0)||p=sclncb(B*n)supze

7?7?|DG,n(z,0)||p.(8.14)
In view of Proposition 5. 4 and Proposition 5. 2, we see that for any z € 77?77,

[IDG,n(z,0)|p2=<cln2c|DG,n(z,0)]|22=cln2c3k:Ak
<n(h(Ak/n)b(Ak)-1dk(z))2=cln2cb(n)-2]®n(z,0)]|

22=<clncb(n)-2||on(z,0)]|12=<clncb(n)-2.

We now conclude from (8. 14) that
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72?2?22 n(vB*n;x,0)-®dn(x,0)|p=clncb(B*n)b(n).

Since { b( B n)/ b( n)} is fast decreasing, this completes the proof. O

The theorems in section 4 all follow from the following basic theorem.

Theorem 8. 3. We assume the strong product assumption and the Bernstein-

Lipschitz condition. With the set-up just described, we have

Probv*({|Gn(Y;F)—on(fOf)||[e=c3nqgl|[|v*|||R,0log(cnB

nifv*[[R,0/8)[Y[|})=b6[[v*||R,0.(8.15)

In particular, for f€ 77?7 ® (?27??), Then

Probv*({||??2?2?2n(Y;F)—=fO0f||e=c3(nqg|||v*|]|R,0log(cnBn

[Iv*[IR,0/8)|Y|[+En/2(»,fOf))})=<b6][v*||R,0.(8.16)

P ROOF . Theorems 8. 1 and Theorem 8. 2 together lead to (8. 15). Since o n
(v*;f)=0on(f0f), the estimate 8. 91 follows from Theorem 5. 1 used

with p = . O
P ROOF OF T HEOREM 4. 1.

We observe that with the choice of fo as in this theorem, | |[v*||R,0=|f
O 0o<1/7???7.Using 77?7 6 in place of 8, we obtain Theorem 4. 1 directly

from Theorem 8. 3 by some simple calculations. O
P ROOF OF T HEOREM 4. 2.

This follows directly from Theorem 8. 3 by choosingF =1 . O
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P ROOF OF T HEOREM 4. 3.

In view of Theorem 8. 3, our assumptions imply that for each j = 0,
Probv*({|G2j(Y;F)-02j(fO0f)||o=c2-jS})=06/2j+1.
Consequently, with probability = 1 — 6, we have for each j = 1,
|G2j(Y;F)-G2j-1(Yj;F)-Tj(fOf)[|o=<c2-jS.

Hence, the theorem follows from Theorem 6. 1. O
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Footnotes

1. ©~ A Hardy multiquadric is a function of the formx-» (a2 +|x|22)-1,

XE R 9. It is one of the oft-used function in theory and applications of radial

basis function networks. For a survey, see the paper [ 32 ] of Hardy.
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2. 2 | v|—esssup xe 2| f(x)| =inf{ t:|v[({ x€?22??:| f(x)| >t} =0}
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Appendix

A. Gaussian Upper Bound on Manifolds
Let ???? be a compact and connected smooth g -dimensional manifold, g ( x)

=(gi,(x)) beits metric tensor, and ( g LJ( x)) be the inverse of gl(x).

The Laplace-Beltrami operator on 77?7 is defined by
A(f)(x)=1]g(x)|2i=1InXj=1noi(|lg(x)[gi,j(x)ajf),
where | g| = det( g ). The symbol of A is given by
a(x,8§)=1]g(x)[Zi=1nZj=1n(lg(x)|gi,j(x))&i&].

Then a( x, &) = c| §| 2. Therefore, Hormander's theorem [ 53 , Theorem 4.

4], [ 54 , Theorem 16. 1] shows that for x € 7?7?77,
SAj<Adbk(x)2=cAg,A=1.(A 1)

In turn, [ 44 , Proposition 4. 1] implies that
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Sk=0wexp(-Ak2t)dpk(x)2=<ct-q/2,t€(0,1],xe??7??.

Then [ 55, Theorem 1. 1] shows that (3. 3) is satisfied.

B. Probabilistic Estimates

We need the following basic facts from probability theory. Proposition B. 1(a)
below is a reformulation of Boucheron et al. [ 56 , section 2. 1, 2. 7]. A proof

of Proposition B. 1(b) below is given in Hagerup and Rub [ 57 , Equation (7)].

Proposition B. 1. (a) (Bernstein concentration inequality) Let Z 1, ---, Z m be
independent real valued random variables such that foreachj=1, -, M, | Z

jl=R,and ????(Zj2)=<V. Then, forany t> 0,

Prob(|1MSj=1M(Zj-?222(Zj))|=t)=<2exp(-Mt22(V+R

t)).(8.18)

(b) (Chernoff bound) Let M= 1,0=p=<1,andZ1, -, Zmbe random
variables taking values in {0, 1}, withProb ( Zxk= 1) = p. Then for t € (O,

1],

Prob(>k=1MZk=(1-t)Mp)=exp(-t2Mp/2),Prob(|>Xk=1M

Zk-Mp|=tMp)=2exp(-t2Mp/2).(B.2)
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