The black scholes
theory and numerical
solution finance
essay

Finance

%" BUSTER


https://assignbuster.com/essay-subjects/finance/
https://assignbuster.com/the-black-scholes-theory-and-numerical-solution-finance-essay/
https://assignbuster.com/the-black-scholes-theory-and-numerical-solution-finance-essay/
https://assignbuster.com/the-black-scholes-theory-and-numerical-solution-finance-essay/
https://assignbuster.com/

The black scholes theory and numerical s... - Paper Example Page 2

Chapter 1

Introduction

Background

An option is an instrument whose value derives from that of another asset;
hence it is called a “derivative'. Up until 1973 instruments such as options
were priced by guessing. In 1969, Fischer Black an independent finance
contractor, Myron Scholes an assistant professor of finance and Robert C.
Merton an economist, set out to solve the problem for pricing options. It was
in the year 1973 that Black, Scholes and Merton published their analysis in a
paper called, “[1] The Pricing of Options and Corporate Liabilities” which was
published in the “ Journal of Political Economy.” Scholes and Merton received
the Nobel Prize in Economics in 1997; Black was ineligible for the price due
to his death in 1995. (Hull J. C (2009) page 277)Prior to the publishing by
Black and Scholes, there have been several other publications, dating back
to 1877 when Charles Castelli wrote a book called “ The Theory of Options in
Stocks and Shares,” which gave an introduction to the hedging of options.
The first known analytical valuation for options which used the Brownian
motion was written by Louis Bachelier a French mathematician whose
dissertation title was “ Théorie de la Spéculation (The Theory of
Speculation)” was published in 1900. In 1955 Paul Samuelson an Economist
who was a professor at “ Massachusetts Institute of Technology” wrote a
paper which was unpublished called “ Brownian Motion in the Stock Market.”
In 1962 A. James Boness wrote a dissertation called " A Theory and
Measurement of Stock Option Value" which focused more on options. The

pricing model which Boness developed was much more of a theoretical jump
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from the all the publications prior to his, this is the publication which helped
Black, Scholes and Merton to introduce their model in 1973[4; page 3]. The
Black-Scholes formula changed the way options were priced and made
pricing them simple. In 1973 the first option was traded, at the Chicago
Board Options Exchange. Options can be traded at official exchanges; in
2004 there were more than 50 official exchanges. (Higham D. ] (2004) page

4)

Options

An option is a contract which gives the owner the right, but not the
obligation to buy or sell, for a fixed price, the * strike price’. This price is
agreed upon the time both parties enter the option. The price of the option is
derived from another asset; hence an option is a derivative financial
instrument. A person who buys an option is called the * holder’ and the
person who sells the option is known as the ‘ writer’. A ‘ call’ option gives the
holder the right to buy an asset, for an amount which was specified upon the
agreement of the option at a specified time in the future. A’ put’ option gives
the holder the right to sell an asset, for an agreed amount which is within a
specified time. The amount which has been agreed is known as the * strike
price’ or ‘ exercise price’ and time which has been specified is known as the *
expiry date’. For a ‘ put’ option if the * underlying price’ is lower than the ‘
strike price’ then the option is known to be in-the-money, hence the value of
the option would have the same value if it were to be exercised immediately.
The ‘ intrinsic value’ is the difference between the * strike price’ and the
underlying price’, and if this value is negative it's known as ‘ out of the

money’. If the * strike price’ were to be the same as that of the * underlying
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asset’ then this option would be known as ‘ at the money’. A * European call
option’ gives its holder the right (but not the obligation) to buy from the ‘
writer’ a prescribed asset for a prescribed price at a prescribed time in the
future. (Higham D. ] (2004) page 2) As you are not obliged to buy the shares,
you can gain money but you wouldn’t lose money. A * European put option’
gives the holder the right (but not the obligation) to sell the * writer’ a
prescribed asset for a prescribed price at a prescribed time in the future.
(Higham D. ] (2004) page 2)Options are very popular, in some cases more
money is invested in options than the underlying assets. Investors are
extremely attracted to options, to use for in both speculation and hedging.
Options can be bought and sold with some confidence as there is a
systematic way to find out how much they are worth. Notations which will be
used, the price of the stock will be denoted by S, the time by t, the risk-free
interest rate by r, the expiry date by T and the exercise price by E. At the
time of expiry if S(T)> E then the holder should buy the ‘* European call
option’ E and then sell the asset for S(T) hence gaining at profit of S(T)-E, if
E=S(T) the holder of the option gains nothing, then value of a European call
option at the expiry date is given by,(1. 1)Figure 1. 1 [2] showing payoff
diagram for a European call option. If S(T) =E then the holder of the option
shouldn’t do anything, and payoff of the European put option is,(1. 2)Figure
1. 2 [2] showing payoff diagram for a European put option. If we hold a call
option and a put option on an asset which has the same expiry date and the
same strike price, the value of when it expires would be,(1. 3)Figure 1. 3 [2]
showing payoff diagram for a bull spreadThe diagram above shows a bull

spread, which is when you hold a call option with the exercise price of E1,
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and for an asset and expiry date which is same we write a call option with
the exercise price of E2, where E2 is greater than E1. At the time of expiry
the value of the first option is max(S(T)-E1, 0) and the value of the second is
-max(S(T)-E2, 0, so the overall at the date of expiry is(1. 4)From the diagram
above we can see that when the asset price finishes above E1 the holder
would benefit but if the asset price were to finish above E2 then the holder

wouldn’t gain any extra benefit [2; pages 4-5].

Asset Price Model

The movement of an asset price is called a stochastic process. The
Stochastic process which is followed by the underlying asset can be either
discrete or continuous time, but we will be focusing on continuous time
models. When modelling asset prices there are two assumptions, The past
history is fully reflected in the present price, which does not hold further
information; Markets respond immediately to any new information about an
asset. (Wilmott P, Howison S and Dewynne | (1995) page 19)When modelling
the asset price, it’s mainly about modelling the arrival of information which is
new and affects the price. When taking the two assumptions stated above,
changes which are unanticipated in the asset price follow a Markov process
(see Hull J. C. (2009). page 259.)A Markov process is stochastic process in
which everything we know about the future of it depends on the present
value. We model the corresponding return on the asset, dS/S by the following

stochastic differential equation:
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L]

(1. 5)Where time is given by t, the asset price by S and the change in the
given time interval is given by dt, the average rate of growth of the asset
price is given by u and the volatility which measures the standard deviation
of the returns is given by 0. We can eliminate the dX term by taking o= 0, if
we were to do this we would be left with the following ordinary differential
equation: If 4 is a constant then we can solve it to give an exponential
growth in the value of the asset, by the following equation:(1. 6)The value of
the asset at t= t0 is given by S0. So from this we can deduce that if the
volatility is 0, then the asset price will be totally deterministic, and we would
be able to predict the price of the asset in the future with certainty. The dX
term is the term which contains the randomness, which is a feature of asset
prices, and is known as the Wiener process. The following equation is a way
to express dX,(1. 7)where ® is a random variable drawn from a standardised
normal distribution. 1t6 process is a generalised form of the Wiener process
(see Wilmott, P, Howison, S. and Dewynne | page 21), and is given by the
following formula, which is a more general version of (1. 5):(1. 8)It6’s lemma
is used to find the differential of a time-dependent function of a stochastic
process. An important relation to the model which connected to (1. 7) is
thatWhich just tells us that, the smaller dt becomes the more certain we
become dX 2 is equal to dt. When people invest their money they expect a
positive return on the investment. When investing, the more risker the
investment the more the investors would want in return, as the investor is
taking a lot more risk with their money. The returns on this can be shown by

the formula:(1. 9)If the asset price follows a random walk had with a
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return of that asset of Ri, a proportion of the specific asset can be modelled

with the given formula:(1. 10)

The Black-Scholes Model

The Black-Scholes Model was developed under the assumptions of the
lognormal dynamics of derivatives. They made the following assumptions [1
page 640]: The asset price follows the lognormally random walk in
continuous time. The risk-free interest rate r is known and is constant over
time. No dividends are paid for the duration of the option. There are no
transaction costs or fees when buying or selling. You can buy or sell and
amount of stock even if it’s fractional. You can’t make riskless profit, there’s
no arbitrage opportunity. Both the underlying asset trading and change of
price is continuous. We use the Black-Scholes formula to find out the price of
an option. We need to look at the value at t= 0 when the asset price is S(0)=
S0, we look at the function V(S, t) which will give us the option value for an
asset price which is S=0 at the time of t<T, we assume that the option can
be bought and sold at S(0)= SO at the time t<T, then in this case V(SO0, 0) is
the required time-zero option value. Later on we will see the Black-Scholes
partial differential equation, for the function of V. The Black-Scholes partial
differential equation only valid for the case when V(S, t) gives the
corresponding value of a European call or put [2; page 73]. The equation
describes the price of the option over time, with this equation you can
hedge[2]the option by buying and selling the underlying asset in such a way
that we consequently eliminate the risk, hence it implies that there should

only be one correct price for the option [5]. The derivation of the Black-
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Scholes equation: The price of the stock follows a geometric Brownian

motion[3], which is:

The equation above states that a small rate of return on the stock has the
expected value of ???? dt and variance of 7??? 2dt. We know what the payoff
the option is at maturity, but we need the value of it at an earlier time, by
using Ité’s lemma for two variables we deduce:(1. 11)We now construct a
portfolio consisting of one option and a number -A of the underlying asset.
Then the value of this portfolio is:(1. 12)After a small period of dt, and A is to
remain constant over that period, the change in the portfolio is given by the
value:(1. 13)We then put the following equations together, (1. 5), (1. 11) and
(1. 12) to get:(1. 14)We can eliminate the random component and make
equation completely deterministic by choosing(1. 15)Leaving us with:(1.
16)Now the equation is effectively riskless and the uncertainty has been
eliminated. Since we need to earn a return similar to other short term risk-
free securities,(1. 17)Replacing this, we get:(1. 18)We then substitute (1. 12)
and (1. 15) into (1. 18) and dividing through by dt gives us the Black-Scholes
equation:(1. 19)When we solve the partial differential equation in (1. 19) we
get an analytical equation for pricing European options, European options
can only be exercised at the agreed maturity date, but American style
options, which we’ll see later, can be exercised any time up until maturity
date. Later we'll also look at the upper and lower boundary conditions for

American and European options.
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Chapter 2

Black-Scholes Model

2. 1 American options

American options are similar to European options; the difference between
the both is that the holder of an American option can exercise their option at
any time which is between the start date and the expiry date. Since the
American option gives the holder this option and the European option
doesn’t, the American option has a higher value. Hence(2. 1)(2. 2)Where the
American call option is given by C, put by P and for the European option call
is given by c and put by p. Now for the boundary conditions, for the lower
boundary conditions which are determined by an arbitrage-free option prices
are,(2. 3)(2. 4)The upper boundary conditions are given by,(2. 5)(2. 6)The
difference between the price of an American and European options, is
usually down which option is in-the-money and the time remaining and also
interest rate. An American put which is a dividend paying stock, it is ideal to
exercise straight after the dividend has been received, as the payment of the
dividend makes the stock price lower and it goes into-the-money. For
American and European call options, if the stock doesn’t pay dividends the
option to exercise early isn’t ideal, so the value of the American call option is
the same as the European call option. The lower boundary conditions are,(2.
7)(2. 8)The upper boundary conditions are(2. 9)(2. 10)If the stock were to
pay dividend, then it could be possible to exercise early and then the value
of the American call could be worth more than the European call option. An *
American call option’ gives the holder the right but not the obligation, to
purchase an agreed asset at an agreed price at any time between the
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agreed start date and expiry date in the future. An * American put option’
gives the right but not the obligation, to sell the asset at an agreed price at
any time between the agreed start date and expiry date in the future. [2,
page 173]As American option holders have the option to exercise their
option early, so they need to decide when they will be exercising their option
if they do. At time t if the option is out-of-the-money[4]then the holder
shouldn’t exercise their options, on the other hand if at time t the option is
in-the-money[5]they should exercise their option, or they could wait and see
if they could get a larger payoff later in time. Now we will consider a call
option, letting S(t) be the price of the asset at time t, and letting E be the
exercise price, if the holder were to exercise the option at some time where t
E at time t. The holder instead of doing this could sell the asset short of the
market price at the time of t and then go on and purchase the asset at the
time when t= T, and either exercising the option at t= T, or buying at the
market price at time T. Using this the holder will gain amount S(t)> E at the
time of t whilst paying an amount which is less than or equal to E at time T,
which is would be better than gaining S(t)-E at time T. As it isn’t always right
to exercise an American call option before the expiry date the value of the
American call option will have the same value as a European call option. [2,

page 174]

2. 2 Black-Scholes for American options

Now we will look at how we can use the Black-Scholes PDE to find out the
value of an American put option. As the Black-Scholes PDE equation follows
an arbitrage argument, as is shown next, this argument is only effective for

some of the American Options. So the Black-Scholes now isn’t an equation
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but is an inequality now but only when we exercise early. We will let PAm
denote the value of the American put option, with the asset price of S and
time given by T. The payoff function is given by(2. 11)Firstly we see that(2.
12)This is true because, if PAM(S, t)< A(S, t), we can make a profit quickly by
buying the option and straight away exercising it. We know that this
particular inequality isn’t true for an European put option, as you can
exercise the American put early, it makes a difference to the value.[2, page
175]We will look back at the European case, looking at different cases:(2. 13)
(2. 14)And we know from (1. 17) thatWe look at case one first, if we buy the
portfolio which is V-IT at the time of t, and were to buy the option at V, and
then go ahead and sell the portfolio . Also by selling the portfolio V-IT at the
time of t+At, if we were to do this we would certainly make a profit, so case
one isn’t possible for the European option as we make a riskless profit. For
case two, instead of buying as we did for case one, we are now selling the
portfolio V- at the time of t, so we sell the option V and then go ahead and
buy the portfolio I1, and then go ahead and buy the portfolio V- I1 at the time
of t+At, we again would be guaranteed to make a profit so case one and two
for the European option isn’t possible. [2, page 79]For the American case we
similarly consider the following cases:(2. 14)(2. 15)For case one we are
selling the asset and then loaning out the case, but for case two we are
buying the asset by borrowing the cash. In case of case one, we buy the
portfolio which is PAm-[1 at time t, so we are buying the option and then we
go ahead and sell the portfolio I, here the we can buy the option and
therefore have the control over the exercise facility and arbitrage could be

possible hence in this case we are guaranteed to make a profit so case one
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isn’t possible. For the second case, we now sell the portfolio PAmM-I1 at time t,
so we are selling the option and then go ahead and buy the portfolio I1, here
we are selling the option so it could be exercised at any time there is no
certainty of making profit, so this case is possible. So the Black-Scholes
formula we saw (1. 19) now changes to,(2. 16)For the American put, we need
to divide the S axis into two different regions for each time of t. When

0=S=S5f(t) it is optimal to exercise early so we haveWhen Sf(t) Refererce-
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